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Abstract

In this paper, we show that h"  and all expressions for energy which are equivalent to it represent
kinetic energy rather than total energy.  The object velocity, u,  is found to be relativistically invariant,
along with the frequency of an object’s de Broglie wave.  Using the mathematics of indeterminancy (a term
coined by the author to describe the introduction of an exponential scale or phase factor), we are able to
derive a form of !  which emphasizes the underlying physics of the Galilean Transformation (GAL), the
Lorentz Transformation (LT), and the general Einstein-Lorentz Transformation (GLT) , rather than the
details of  each particular transformation.  By requiring symmetry between the transformation properties of
kinematic and dynamic variables, we find a more general transformation (MGT).   For the condition V # c,
in our spacetime, the (MGT) continues to describe a unique correspondence between the coordinates of two
inertial frames of reference.  We conclude by explaining how the logical necessity for zero rest mass in
special relativity can be reconciled with physical observations of nonzero rest mass.  In this way, it is also
possible to show that the mass of an object does not become infinite if it were to move at the speed of light.
Future theories may increase our understanding by providing more general representations of Nature.  The
various theories may be distinguished by the corresponding values of ! , the indeterminate part of which
arises as the solution of an ordinary differential equation.

Key words:  kinetic energy, Lorentz Transformation, rest mass

1.0 Introduction

Expressing the energy of a material object in terms of its mass can be done in a variety of ways.
One can, for instance, use the inertial mass, the inertial rest mass, or the gravitational mass.  The inertial
mass and the inertial rest mass are simply related in our spacetime by the Lorentz transformation. Here we
will see that writing the energy in a variety of ways leads to an important insight.

By setting one expression for the de Broglie wavelength

!
"

v
  = (1.0-1)

equal to another
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  =λ (1.0-2)
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and rearranging, one arrives at

uv

h
m

!
= (1.0-3)

From this follows three expressions for energy

νhmuv= (1.0-4)

!hpv = (1.0-5)

ν
λ

h
hv

= (1.0-6)

another expression follows if we note

k
2
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hh

p h===
!
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"!
(1.0-7)

!hkv =h (1.0-8)

The important insight which we gained is the understanding that (1.0-4), (1.0-5), (1.0-6) and (1.0-
8) are all different ways of expressing the kinetic energy of an object, rather than its total energy.  To see
how this becomes evident, we need to understand something about group velocity and phase velocity of
matter waves.

1.1 The Group Velocity and the Phase Velocity of Matter Waves

The dispersion relation of a wave specifies the relation between $  and k, where $  is the angular
frequency of the wave, given by

!"# 2= (1.1-1)

and k is the magnitude of the wave vector, given by

λ
π2

k = (1.1-2)

 The group velocity at angular frequency ! , in general is found from the dispersion relation of a
wave by use of the following expression

ϖ

ω
ϖ 







≡
dk
d

)(vg (1.1 -3)

This is the velocity of points of constant amplitude.  The phase velocity is the velocity of points of constant
phase angle. It is found from the dispersion relation of a wave by use of  the following expression
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(1.1-4)

Here we will follow the convention of representing the phase velocity using the letter v without a subscript.

More information about dispersion relations may be found in Chapter 12 of the book by Main.1

We have already encountered the dispersion relation for matter waves as (1.0-1). One can also find in
Main’s book another form for the dispersion equation of a matter wave2

h
h V

k
2m

2 +=! (1.1-5)

From (1.1-3) and (1.1-5) we find the group velocity

m
k

vg
h

= (1.1-6)

The classical velocity of a particle is obtained from its kinetic energy3

T = (1/2) movclassical
2 (1.1-7)

 This yields

  

€ 

vclassical=
2T
m0

=
hk
m0

,where
2m0T

h
≡ k (1.1-8)

Thus we see that the group velocity corresponds to the relativistic form of the classical velocity of a
particle.  Consistent with this fact, we will denote the group velocity as the particle velocity by the letter u.

From (1.1-4) and (1.1-5) we find the phase velocity, which we will denote by the letter v.

2m
k

v
h

= (1.1-9)

in which we have set V = 0, because we are discussing a free particle.

1.2 Why kinetic energy?

To demonstrate why all expressions for energy which are equivalent to h "  represent kinetic
energy rather than total energy, we begin with equation (1.0-4)

νhmuv= (1.0-4)

Substituting (1.1-9) for v  yields
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h"  =  mu hk
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( = mu T

2m0

(1.2-1)

where we have used the definition for k found in (1.1-8) to obtain the last expression.  Rearranging yields

! 

h"  =  T
m2u2

2m0

# 

$ 
% 

& 

' 
( (1.2-2)

If T = h " , then

! 

h" =
m2u2

2m0

(1.2-3)

or

! 

h" =
#mu2

2
(1.2-4)

Since mu2 = T, if  h"  = T we have

€ 

hν =
γ hν

2
(1.2-5)

So

€ 

γ =  2 (1.2-6)

and from (1.2-1) and (1.0-8)

  

€ 

hν = hku = 2m0T u (1.2-7)

so that

€ 

hν( )2
= 2m0Tu2 (1.2-8)

or

! 

T =
h"( )2

2m0u
2 (1.2-9)

Since we assumed T = h " , consistency demands that

! 

T = 2m0u
2 = "m0u

2 =mu2 (1.2-10)
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But this is just what has been shown elsewhere (K. O. Cottrell, unpublished, 2004).  Thus, our assumption
was correct and we can state

! 

h" = T (1.2-11)

This means that (1.0-4), (1.0-5), (1.0-6) and (1.0-8) are expressions for the kinetic energy of
a particle.

We will show in section 1.3 that when !  = 0, one arrives at a consistent definition for the relativistic
kinetic energy.  We point in section 1.6  that when !  = 1/2 , we arrive at the result of relativistic invariance
of the object velocity, u, consistent with the transformation property of the scalar product of two arbitrary
four-vectors.  Somehow, we need both values of !  to describe physical reality.  The question of why !  takes
on these two values in order to describe physical reality is explored in section 1.4.

1.3  Understanding kinetic energy

The reader may wonder why there is no factor of 1/2 on the right hand side of  (1.2-10).  Holladay4

gives the expression for relativistic kinetic energy (expressed below in our notation)

! 

T =
m0u

2" 2

(1+" )
(1.3-1)

Setting this equal to the right hand side of our expression (1.2-10) yields

! 

mu2 =
m0u

2" 2

(1+" )
(1.3-2)

or

! 

m
m0

=
" 2

" +1
(1.3-3)

Since

€ 

m
m0

= γ (1.3--4)

we have

€ 

γ 2 = γ(γ +1) = γ 2 + γ (1.3-5)

so that

! 

" = 0 (1.3-6)

But result (1.3-6) is deceptive in its simplicity, as we will see in section 1.4.
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1.4  The mathematics of indeterminacy

The Lorentz transformations of  the Theory of Special Relativity, when expressed in a more general
form as the general Einstein-Lorentz transformation equations, are found to describe indeterminate
quantities.  In this theory, the spectrum of possible values of the dynamical or kinematic quantities, say
mass and energy, or space and time, respectively, are provided by the action of ! .  To discover the origin of
! , we start by using the invariance of object velocity, u,  to write

€ 

1
2

m0u
2 =

m0u
2γ 2

γ +1( )
(1.4-1)

where we have used the expression for relativistic kinetic energy given by Holladay.5  This yields

! 

1
2

=
" 2

(" +1)
(1.4-2)

from which we find

! 

" 2 #
1
2

" #
1
2

= 0 (1.4-3)

Using the quadratic formula to solve this quadratic equation gives the following two roots

! 

" =1, " = -1 (1.4-4)

These values of !  are required to insure both the relativistic invariance of the object velocity and the
consistency of the definition of relativistic kinetic energy.  The other necessary values of !  which we have
already identified, namely !  = 2, !  = 0 and !  = 1/2 are simply linear combinations of the two roots in (2.4-
4).  As Rainville and Bedient point out, “Any linear combination of solutions of a linear homogeneous
differential equation is also a solution.”6 This suggests that !  is a solution of a differential equation.  We
now try to find this equation.  We will make use of the conservation of momentum, by considering the
universe to be a self-contained or closed system.  This allows us to write

! 

dp
dt

= 0 (1.4-5)

! 

d(mu)
dt

= u dm
dt

+mdu
dt

= 0 (1.4-6)

! 

u
d("m0)

dt
+ "m0

du
dt

= 0 (1.4-7)

! 

m0u
d"
dt

+ u
dm0

dt

# 

$ 
% 

& 

' 
( " + m0

du
dt

" = 0 (1.4-8)

Since the rest mass m0 is constant, the central term in (1.4-8) equals zero.  We can then factor out m0, and
we arrive at
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! 

u
d"
dt

+
du
dt

" = 0, or m0 = 0 (1.4-9)

The first equation is clearly a (first-order) linear, homogeneous differential equation.

This can be rewritten

! 

1
"

d"
dt

= -
1
u

du
dt

(1.4-10)

We obtain a solution for !  as follows

! 

1
"

d" = -
a
u

dt (1.4-11)

! 

ln " = - at
u

+ c
(1.4-12)

€ 

γ = ece
−

at
u (1.4-13)

Replacing a t with V, we can further specify !  by assuming that at t = 0, u = u0.  then

! 

ec =
1

1"
u0

2

w 0
2

(1.4-14)

so that

! 

" = e
- V

u

1-
u 0

2

w 0
2

(1.4-15)

We can express (1.4-15) in terms of two arbitrary reference frames O and O’ by letting

€ 

u0 → u, w 0 →w, and u→ u' (1.4-16)

which gives the form



8

€ 

γ = e
- 

V

u'

1-
u2

w 2

(1.4-17)

Because we used (1.4-14) to find ! , (1.4-17) applies only to dynamical quantities such as mass and
energy, so we will designate it accordingly as

! 

" mass-energy = e
- V

u'

1- u 2

w 2

                            (1.4-18a)

and

! 

m = m0" mass-energy = m0e
- 

V

u'

1-
u2

w 2

                                     (1.4-18b)

To find the corresponding expresion for !  for use with kinematic quantities, we note that (1.4-14) becomes

! 

ec =
1" #0( )

1" #0
2

=

1"
V
w 0

$ 

% 
& 

' 

( 
) 

1"
V 2

w 0
2

(1.4-19)

so that the kinematic expression for !  becomes, after the appropriate transformation (1.3-16)

! 

" space-time =
e

#
V
u' 1#

V
w

$ 

% 
& 

' 

( 
) 

1#
V 2

w 2

                            (1.4-20a)

and

! 

t'  =  t" space-time =
e

#
V
u' 1#

V
w

$ 

% 
& 

' 

( 
) t

1#
V 2

w 2

                            (1.4-20b)
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! 

x'  =  x" space-time =
e

#
V
u' 1#

V
w

$ 

% 
& 

' 

( 
) x

1#
V2

w 2

              (1.4-20c)

We now describe some specific cases of how the mathematics of indeterminancy reveals the
underlying transformation principle, rather than a specific tranformation rule, when examined within the
domains of established theories.  In the discussion below we will use the following abbreviations: Galilean
Transformation (GAL),  Lorentz Transformation (LT),and general Einstein-Lorentz Transformation (GLT).

Case 1. (GAL). In this case u’ = u –V, u = 0, V = 0

! 

" mass-energy = indeterminate

! 

" space-time = indeterminate

! 

" = indeterminate

This represents the transformation of the description of a stationary object between two coordinate systems
which are at rest with respect to each other.

Case 2.  (GAL).   In this case u’ = u – V, u % 0, V = 0

! 

" mass-energy = #

! 

" space-time = ±1

€ 

β = 0

This represents the transformation of the description of a moving object between two frames of reference
which are stationary with respect to each other.

Case 3.  (GAL). In this case u’ = u – V, u % 0, V % 0

! 

" mass-energy = #

! 

" space-time = ±1

! 

" = 0

This represents the transformation of the description of a moving object between two frames of reference
which are moving with respect to each other with relative velocity V.

Case 4. (LT). In this case u’ = u = c, V = 0

! 

" mass-energy = #

€ 

γ space-time = ±1

! 

" = 0

This represents the transformation of the description of an object between two coordinate systems which
are at rest with respect to each other.

 Case 5.  (LT). In this case u’ = u = c,  |V| < c
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€ 

γmass-energy =∞

! 

" space-time =
e-# 1$ #( )

1$ # 2

€ 

β =
V
c

This represents the transformation of the description of an object between two coordinate systems which
are moving with respect to each other with relative velocity –c < V <c.

Case 6.  (LT).   In this case u’ = u = c, V = c

€ 

γmass-energy =∞

! 

" space-time #
1
e

! 

" =1

This represents the transformation of the description of an object between two frames of reference which
are moving with respect to each other with velocity V = c.

Case 7. (GLT). In this case u’ = u = w=0, V = 0 u’ = u = w% 0, V =0

! 

" mass-energy =  indeterminate

€ 

γmass-energy =∞

! 

" space-time = indeterminate

! 

" space-time = ±1

€ 

β = indeterminate

! 

" = 0

This represents the transformation of the description of an object between two coordinate systems which
are at rest with respect to each other.

 Case 8.  (GLT). In this case u’ = u = w,  |V|< w

€ 

γmass-energy =∞

! 

" space-time =
e-# 1$ #( )
1$ # 2

! 

" =
V
w

This represent the transformation of the description of a moving object between two coordinate system
which are at moving with respect to each other with -w < V < w.

Case 9.  (GLT).   In this case u’ = u = w, V = w

€ 

γmass-energy =∞

! 

" space-time #
1
e

€ 

β =1
This represents the transformation of the description of an object between two coordinate systems which
are moving with respect to each other with relative velocity V = w.
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We see from a study of the cases outlined above that when & is the same, the underlying physics is
the same. Note that in all cases where & is not indeterminate, the value of 

€ 

γmass-energy is infinite.  This

should not be surprising, because 

! 

" mass-energy = #  serves to define an inertial frame of reference, according

to Newton’s First Law.  Since we are always dealing with inertial frames here, this applies to every case.
When & = 0, 

! 

" space-time = ±1.  This describes the property of invariance with respect to translations in space

and translations in time.  This corresponds to the principles of momentum conservation and energy
conservation, respectively.  Case 5 and case 8 describe more general situations in which the momentum and
energy are conserved only when the relative velocity, V = 0.  Case 8 embodies (GAL) in the sense that
there is no single finite limiting velocity, but it also embodies (LT) in the sense that there does exist a finite
limit, though unspecified.  When & = 1, we see that 

! 

" space-time =1/e, and describes exponential decay.

Thus, we see that (GAL) and (LT) correspond to special cases of (GLT), and that the
consequences of these three transformations can be expressed in a general way that reveals their underlying
physical principles, by using the mathematics of indeterminacy.  We also see when we do this that
exponential growth and decay can be viewed as a process of repeated coordinate transformations.

1.5  Using !  to unite the transformations of kinematic and dynamic physical quantities.

Since we are examining energy in this paper, it is appropriate to point out the fact that the Einstein
equation and the Planck-Einstein equation are two fundamentally different representations of the energy of
an object.  The Einstein equation represents a kinematic quantity, while the Planck-Einstein equation
represents a dynamic quantity.  For the reader who is unfamiliar with this terminology, kinematics is
“motion without regard to the forces that may accompany it,”7 while dynamics is “the study of how motion
changes.”8  One can set the right hand sides of these equations equal to each other by associating 

! 

" space-time

with the kinematic quantity and 

! 

" mass-energy with the dynamic quantity.  This gives

€ 

hν 0 1−
V
w

 

 
 

 

 
 e

-
V
u'

w 2 1−
V 2

w 2

=
m0e

−
V
u'

1-
u2

w 2

(1.5-1)

This may be rearranged to give

! 

h" 0 1#
V
w

$ 

% 
& 

' 

( 
) 1#

u2

w 2 # m0w
2 1#

V 2

w 2

w 2 1#
V 2

w 2 1#
u2

w 2

* 

+ 

, 
, 
, 
, 

- 

. 

/ 
/ 
/ 
/ 

e
-
V
u' = 0 (1.5-2)

As before, we find it useful to consider particular cases.  When u = u’ % 0, V = 0, 0 < u < c, one finds
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€ 

hν 0 1−
u2

w 2 −m0w
2

w 2 1−
u2

w 2

= 0 (1.5-3)

and when u = 0, u’ = - V, |V| < w , one finds

€ 

hν 0 1+
u'
w

 

 
 

 

 
 −m0w

2 1+
u'V
w 2

w 2 1+
u'V
w 2

 

 

 
 
 
 

 

 

 
 
 
 

e= 0 (1.5-4)

From (1.5-3) one finds

! 

h" 0

m0w
2 =

1

1#
u2

w2

(1.5-5)

This result corresponds to the (GLT) case of 

€ 

γmass-energy.  Since both m0 and h" 0/w
2 represent mass, but are

not in general equal to each other, we see that when using mass as a descriptive quantity we must
distinguish between kinematic mass (h" 0/w

2 ) and dynamic mass (m0).  It is thus better to speak in terms of
energy since there is just one kinetic energy.  From (1.5-4) one finds

! 

h" 0

m0w
2 =

1+
u'V
w 2

1+
u'
w

# 

$ 
% 

& 

' 
( 

(1.5-6)

This result defines a new !  whose transformation properties are physically equivalent to those of

! 

" mass-energy.  We can find a general form for this new !  by using the principles of the mathematics of

indeterminancy, i.e.,  returning to the general solution of our differential equation for ! .  When we do this,
we find

€ 

ec =
1+

uV
w 2

1+
u
w

 

 
 

 

 
 

(1.5-7)

so that
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! 

" =
1+

uV
w 2

1+
u
w

# 

$ 
% 

& 

' 
( 

e
-
V
u' (1.5-8)

Expression (1.5-8) is an expression for !  which can now be used with to transform both kinematic
and dynamic quantities.  Thus the full set of transformation equations connecting the descriptions of both
kinematic and dynamic quantities in two frames of reference which are moving with respect to each other
with relative velocity, V and corresponding to a more general transformation (MGT) than that given by the
general Einstein-Lorentz Transformation equations (GLT) may be written as follows:

! 

m = "m0 =
1+

uV
w 2

1+
u
w

# 

$ 
% 

& 

' 
( 

2mae
-
V
u' (1.5-9a)

! 

t'= " t =
1+

uV
w 2

1+
u
w

# 

$ 
% 

& 

' 
( 

t e
-
V
u' (1.5-9b)

! 

x'= " x =
1+

uV
w 2

1+
u
w

# 

$ 
% 

& 

' 
( 

x e
-
V
u' (1.5-9c)

! 

h" 0 = # (m0 w
2) =

w 2 1+
uV
w 2

1+ u
w

$ 

% 
& 

' 

( 
) 

2ma e
-V
u' (1.5-9d)

or in 4-vector notation

! 

m, t',  x',  h"( )  =  # m0, t. x, h" 0( ) (1.5-10)

The definition of ma is given in section 1.6.  Note that in the transformation equations expressed by (1.5-
9a)-(1.5-9d), the relative velocity V can exceed the speed of light, even in our spacetime (i.e., with u = u’ =
w = c).

1.6 Why this is important

The relativistic energy, E, of a particle moving in a general spacetime manifold includes the rest
mass energy and is given by
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! 

E = mw2 =  T +  m0w
2 (1.6-1)

From (1.0-4) and (1.2-4) it now follows, after some rearrangement

 

! 

 mw2 " muv = m0w
2 (1.6-2)

Factoring out the m on the left and dividing both sides by the factored quantity yields

! 

m =  m0w
2

w 2 " uv
(1.6-3)

The following expression may be used to define the velocity of the wavefront of matter waves

uvw = (1.6-4)

Further, the following condition must be met in order to obtain a correct physical description from an
analysis which treats particles as matter waves

w = c (1.6-5)

From the denominator of (1.6-3) it is evident that, with w = c, one is forced to conclude that the rest mass
of a particle is zero if inertial mass is to be a definable quantity.  This is apparently true, in general,
even for objects which maintain a constant velocity 0 < u % c, with w = u.

The fact that the rest mass of a particle which is moving at the speed of light is zero is typically
presented as an ad hoc postulate.  See, for example, a book by Bueche.9 Nevertheless, it has long been
accepted because it makes sense. Stated another way, a measurement of the mass of an object by an
observer who is at rest in a frame  of reference which is moving with velocity V=c with respect to a frame
containing the object at rest, made with respect to the frame of the object, is found to be zero.  Now (1.6-3)
shows the truth of this assertion.

What equation (1.6-3) also tells us is that, in general, if the observer is at rest in a frame of
reference which is moving at a velocity V = u0 which is greater than zero, and even though not equal to the
speed of light, such an observer will still measure the mass of an object in its rest frame to be zero. In other
words, there is no constant velocity of motion u0, with  0 < u0,  such that an object which moves at u = u0

can have a rest mass m0 > 0. This is an important statement, because all objects which can be represented
by an inertial frame of reference can be described as objects which move at u = u0.  Thus, all object must
have a zero rest mass, including those for which u = 0.  Any object which moves with  constant velocity u =
u0 > 0 must have a zero rest mass. It has been pointed out that in our spacetime the instantaneous
measurement of a component of the velocity of an electron always yields u = +c.10  In this case it is already
clear that the rest mass of the object as understood by the principles of special relativity must equal zero.

To see how zero rest mass makes sense with our current understanding of nature, we must return
to what we have learned in the previous section about the mathematics of indeterminacy.  From (1.4-18) we
see that when one speaks about an apparent mass, i.e.., one which is defined by an indeterminate
mathematical expression, one really means

! 

m =
m0

1-
u2

w 2

e
-
V
u' (1.6-6)

When w = u = c = u’ and m0 = 0, we have
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€ 

m =  (Constant)e
-
V
c (1.6-7)

We can simplify this further by assuming that when V = 0, the value of m is proportional to an
experimentally determined constant ma.   Then

€ 

m∝mae
-
V
c (1.6-8)

where  the  constant ma is the “apparent” or “actual” (i.e., experimentally determined) rest mass of the
object and in contrast to the number we theoretically associate with rest mass, and which we currently call
by convention m0. When V = c, the mass of an object is given by

! 

m " mae
-1 (1.6-9)

Thus, the mass of an object does not become infinite when 

! 

V " c, so that one cannot use the idea of an
unbounded relativistic  mass increase to explain why it is not possible to travel faster than the speed of
light.  There does not seem to be any physical limitation preventing faster than light travel, rather the
apparent limitation is a consequence of the manner in which we currently use transformation equations to
describe changes in dynamic and kinematic quantities as a result of coordinate transformation.  It is
conceivable that in the future we will learn to express the essential transformation equations in a way which
avoids the inherent limitations found in those that we use today.  This will allow us to understand that it is
possible to travel faster than the speed of light so that we can begin to develop the technology that will
make interstellar travel a reality.  As a first step in this direction, consider the (MGT) transformation
equation for mass.

! 

m = "m0 =
1+
uV
w2

1+ u
w

# 

$ 
% 

& 

' 
( 
m0e

-V
u' (1.5-9a)

When 

€ 

V → c, with (u = u’ = w = c) defining our spacetime manifold, we find

! 

m = 2
2
m0e

-1 (1.6-10)

and when 

! 

V " 0 , with (u = u’ = w = c) defining our spacetime manifold, we find

! 

m = 1
2
m0 =ma (1.6-11)

so that when 

€ 

V → c,

€ 

m = 2mae
-1 (1.6-12)
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1.7  The invariance of object velocity and de Broglie frequency

 As a final note, we point out that with the work of section 2.2 we have shown that when !  = 1/2
one finds

! 

T = mu2 =
1
2

m0u
2 (1.7-1)

which is a statement that the velocity, u, of an object is relativistically invariant.  This corresponds to the
property, pointed out by Field, that the scalar product of two arbitrary four-vectors, C, D given by C á D is
manifestly Lorentz invariant.11  There is an additional result related to the invariance of the velocity of an
object. From (1.0-4) and (1.2-11) and the property of invariance, we have

! 

T = mu'v'= h" (1.7-2)

this may be rewritten

! 

hv
"

= mu'v' (1.7-3)

or

! 

h
mu'v'

=
"
v

(1.7-4)

Thus

! 

" '
v'

=
"
v

(1.7-5)

from which

€ 

1
ν '

=
1
ν

(1.7-6)

or

€ 

ν '= ν (1.7-7)

So the frequency of an object’s de Broglie wave is relativistically invariant.
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