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Abstract

This work seeks to examine whether there is a natural way for the formalism of special relativity
to embrace massless objects which move at the speed of light, by asking if the spacetime coordinates of
such objects can be transformed from one inertial reference frame to another. The result of using matter
waves as the embodiment of wave-particle duality in an attempt to include only the guiding principle of
guantum mechanics in the derivation of the Lorentz transformation equations is presented. We call the
resulting transformation equations the general forms of the Einstein-Lorentz transformations (GLT). The
general forms of the Einstein-Lorentz transformations (GLT) are found to reduce to the usual forms of the
Lorentz transformation equations in our spacetime, revealing that the velocity of an arbitrary object in our
spacetime is equal to c, the speed of light.

_ The object velocity, u, is found to be relativistically invariant, along with the frequency of an
objectOs de Broglie wave. Using the mathematics of indeterminancy (a term coined by the author to
describe the introduction of an exponential scale or phase factor), we are able to derive & fohictof
emphasizes the underlying physics of the Galilean Transformation (GAL), the Lorentz Transformation
(LT), and the general Einstein-Lorentz Transformation (GLT) , rather than the details of each particular
transformation. By requiring symmetry between the transformation properties of kinematic and dynamic
variables, we find a more general transformation (MGT). For the conditior, ¥h our spacetime, the
(MGT) continues to describe a unique correspondence between the coordinates of two inertial frames of
reference. We explain how the logical necessity for zero rest mass in special relativity can be reconciled
with physical observations of nonzero rest mass. In this way, it is also possible to show that the mass of an
object does not become infinite if it were to move at the speed of light.

The standard argument that a photon must have zero rest mass is usually accepted on faith. In this
paper, a thought experiment is performed to reexamine the question of whether the rest mass of a photon is
really zero. This experiment leads to the conclusion that the photon has zero rest mass. This is consistent
with conventional expectations. However , the experiment also leads to the conclusion that the rest mass of
an arbitrary object is also identically equal to zero. Clearly, this violates common sense, and requires
further explanation. An outline of this explanation, based on the fact that mass is an apparent quantity (one
which is expressed by an indeterminate mathematical expression) is presented, using the mathematics of
indeterminacy. It is suggested here that the paradi@tethe relativistic transformation equations defines
a spacetime gauge of the type originally proposed by Weyl in 1918 that makes possible the constancy of
the velocity of light.# is characteristic of a particular spacetime manifold, and its value for our spacetime
is calculated. We use the value#to extend the earlier explanation for observed nonzero rest mass of an
arbitrary object by presenting the results of a calculation of the value of the experimentaly measurable rest
mass and the inertial mass of such an object as a function of the de Broglie frequency. The electron is used
as an example, and it becomes evident how an understanding of wave-particle duality can emerge from the
symmetry between wave and particle properties which characterizes Nature when viewed through a model
based on matter waves.
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1.0 Spacetime preliminaries

There is a problem with interpreting special relativity if the photon has a non-zero rest mass. This
is according to conventional wisdom in physics today. Indeed, the logical structure of special Relativity
leads unfailingly to the conclusion that not only is the rest mass of the photon equal to zero, but the rest
mass of an arbitrary object is zero as well. This statement requires further clarification (V. Krasnoholovets,
personal communication). So one might ask, is theegwral way for the formalism of special relativity
to embrace massless objects which move at the speed of light? Or, in other words, can the spacetime
coordinates of such objects be transformed from one inertial reference frame to another? It is the goal of
this paper to address these questions.

The relativistic transformation of space and time coordinates is embodied in the Lorentz
transformation equations. These equations were put into their current form around the beginnind"of the 20
century, before the advent of quantum mechanics.

In our current era it is impossible to ignore the importance of quantum mechanics, primarily due
to its impact on technological developments in the fields of electronics and optics. From a theoretical
standpoint it has not been possible to find a completely satisfactory theory which unites special (or general)
relativity with quantum mechanics. This has led some distinguished physicists to question the validity of
the formal structure of quantum mechanics as a theory.

Seeking to retain only the fundamental guiding principle of quantum mechanics in order to avoid
possible flaws in its formal mathematical structure, we will make use in this chapter only of the concept of
wave-particle duality. In particular, we will make use of the concept of a matter wave, as formulated by
Louis de Broglie. Using this idea, we will rederive the Lorentz transformation equations. The goal is to
recast the Lorentz transformation equations into a more general form, one in which these equations can
sensibly embody transformations of the coordinates of massless objects which are traveling at the speed of
light.

A fact which is usually not emphasized in descriptions of objects contained in inertial frames of
reference is that there are three, not one velocities which are important for a discussion of relativistic
transformations. As always recognized, there is the relative velocity V between the observerOs frame O and
the moving frame OO. Less often recognized are the velocity u of an object in the moving frame 00
measured with respect to an observer in O and the velocity uO of an object in the moving frame 00
measured with respect to an observer in 00. This last velocity, u®, may be referred to as the comoving
velocity, because properobserver in OQ, i.e., one who is stationary with respect to the moving object,
moves with this velocity in the frame OO along with the object. When uO =0, u =V, and only the objectOs
velocity, u, needs to be considered in the relativistic transformation equations.

When Einstein checked the equations of special relativity to make sure that the postulate of the
constancy of the velocity of light was consistent with the principle of relativity, he considered an expanding
sphere of light, generated when the origins of O and OO are coincident. Even after separation, observers in
both O and OO saw an expanding spherical wavefront, confirming that the principle of relativity was
obeyed. However, for any object in OO moving relative to the expanding spherical wavefront of light, a
proper observer (uO=c) in the moving frame OO necessarily has a relative velocity V=0 with respect to an
observer in O. This is a direct expression of the postulate of the constancy of the velocity of light,
according to which u, here, must be equal to c. So Einstein in essence checked only this special case.

Let us not underestimate what Einstein accomplished. In the special case when V=0, the Lorentz
transformation equations give the same results as the Galilean transformation eqGatigimstein
demonstrated that the postulate of the constancy of the velocity of light remains consistent in the limit of
Galilean relativity.



What happens when V is not zero? Answering this question will lead us to a more general form of
the Lorentz transformation equations, one which will hopefully allow us to describe the transformation of
coordinates for massless objects with are traveling at the speed of light.

1.0a Introduction of the comoving velocity generalizes the Lorentz transformation equations.

In the one-dimensional Galilean transformation equations, there is no loss in generality from
assuming that, in a suitably chosen frame of reference, an object and a properly defined observer (i.e., one
moving with the object) are at rest. Any motion of the object can be subsumed under the relative velocity
which the objectOs frame of reference maintains with some other frame of reference with respect to which a
measurement is being made. This is because velocities add in a simple way. In the relativistic treatment,
however, velocity addition is not so simple. The true predictive power of the Lorentz transformation
equations, as usually written, is obscured by the fact that the velocity of an object and a properly defined
observer (i.e., one moving with the object) are assumed to be zero: any motion of the object is subsumed
under therelative velocity between a movinigame of referenceontaining the object and some stationary
frame of reference from within which a second observer perceives that object and first observer have zero
velocity in the moving frame. This requirement is more restrictive than necessary. It is sufficient that the
second observer perceives that the object and first observer havelative velocity: a properly defined
observer in the moving frame candm@movingwith an object having non-zero velocity. Thus, in general it
is necessary to take explicit account of the comoving velocity when constructing the Lorentz
transformation equations, as distinct from the relative velocity between the two frames of reference. The
most natural way of doing this involves considering an object moving with velocity u to be a matter wave
having phase velocity v, and requiring that the principle of relativity be obeyed: i.e., requiring that the
form of the expanding matter wave be the same in two frames of reference that happened to be coincident
at time t = 0. This procedure will allow us to arrive at more general forms of the original Lorentz
transformation equations.

1.0b Deriving a more general form of the Lorentz transformation equations

When Einstein derived the Lorentz transformation equations in his paper, OOn the
Electrodynamics of Moving BodiesO, which appeared in Annalen der Physik in 1905, he did so by
postulating that the velocity of light ¢ is unaffected by the relative motion between two frames of reference.
Then he imagined sphere of light expanding outward from the origin of two coincident coordinate
systems at time t = 0, with one coordinate system subsequently traveling away from the other with a
relative velocity V and showed that the light wave also formed a sphere when transformed to the moving
frame of reference, thus proving the compatibility of the principle of the constancy of the velocity of light
with the principle of relativity, which he expressed by the statement that Othe same laws of electrodynamics
and optics will be valid for all coordinated systems in which the equations of mechaniés hold.

In relativity theory, we are interested in how thescriptionof the behavior of a material object
differs between one reference system and another due to the relative motion of the two systems. From
guantum theory, we know that all material objects have a wavelike nature. Let us now rederive the
transformation equatiorstartingin a manner similar to the way in which Einstein proved the consistency
of the postulate of the constancy of the velocity of light and the principle of relativity, but by considering
an expanding matter wave instead of a photon sphere. The postulate of the constancy of the velocity of
light is replaced by the fact that in any spacetime, the condition uAmust be satisified, wherehis a
constant that characterizes the wavefront of an objectOs matter wave and which is proportional to the
objectOs energy, E. Thus, strictly speaking, we need only the principle of relativity to derive the general
transformation equatioris.



1.1 Why c?

The constancy of the velocity of light has been a long standing tenet of the laws of physics, as has
the role of the velocity of light as the ultimate speed limit. In this paper, it is shown that the importance of
c as a physical constant is determined by the particular spacetime in which we live, and the nature of the
measurements which we are able to make in that spacetime. In particular, one finds that when the
conditions of constancy of velocity and propagation with a velocity equal to ¢ are applied to a description
of the wavefronts of matter waves one arrives at a correct description of events in our spacetime manifold.
However, the generalization of the usual transformation equations leads to the conclusion that while the
speed of light has the role of a limiting velocity in our spacetime, it does not place an upper limit on the
velocity of an object moving in a general spacetime manifold.

1.2 What is spacetime?

A spacetime manifold may be defined as the set of all matter wave wavefronts which are
coevolving in space and time and which originate from sources which vibrate in phase with each other.
Since energy depends on frequency, as shown by EinsteinOs work on the photoelectric effect, and not on
amplitude of vibration, as intuition might suggest, it is apparent that the sources which define a given
spacetime manifold have the same energy.

Let us define a quantity, w, to characterize the wavefronts of the matter waves
W =4UV (1.2-0)
in which u is the group velocity of the matter waves and v is their phase velocity. Further, let us postulate

that the kinetic energy of each of the individual sources that together define a spacetime manifold is
proportional to the square of the velocity, w, characterizing the wavefronts which it contains.

T" w? (1.2-1)

The frequency of vibration of the sources corresponds to an amount of mass which is found from the
following equality

T="mcd=h# (1.2-2)
from which
" h #
m= — (1.2-3)
C

Using this change in mass as the definition of a proportionality constant, one can write (1.2-1) in the form
of a new equality

T= (1.2-4)

We can replace h in (1.2-4) by use of the following relationships



h=Ap=—-= (1.2-5)
v v
So that
vmuw
T = 5 (1.2-6)
Cc
Finally, using (1.2-2) we find
vVmuw
"mcé= ——— (1.2-7)
Cc
Using the fact thatmy = 0 leads to the relationship
4
— =vu (1.2-8)
W
Finally, using (1.2-0) we find that
c?=vu (our spacetime manifold) (1.2-9)

Note that equation (1.2-9) is limited to our spacetime manifold because of the use of equation (1.2-2) in the
derivation of (1.2-8). In general one would have

T="mw? (1.2-2a)
which leads to

2 _

w" =vu (general relationship) (1.2-9a)

We can find another important result. From (1.2-7) expressed using (1.2-2a) instead of (1.2-2) we
have

"mw?®=vmu (1.2-10)

Expanding, grouping terms with m, and factoring yields

2n

m(w?" vu) =myw? (1.2-11)

From the fact that = m/mywe find

= (1.2-12)

Rearranging yields



wﬂ/l"%:O# u=v$0,orw=0 (1.2-13)

This resolves the conflict between Brown and Martin and MacKihmsamce the particle and phase
velocities are indeed the samveceptwhen u = 0.

Since T has been generalized to
T="mw? (1.2-2a)
we have from our argument in the Prologue
"m=m-m# "m=m,m,=0 (1.2-14)
so that
T =mw? (1.2-15)

Thus, the total relativistic energy, including the rest mass energy, is kinetic in origin. Furthermore, from
(1.2-13)

T=0,(w=0) (1.2-16a)
T=muv, (u=v" 0) (1.2-16Db)

So an object traveling with respect to a frame of reference O with V=u =v =0 is measured in O to have
zero kinetic energy, while an object traveling with respect to a frame of reference O with V&0 is v
measured to have kinetic energy

T =mu? (1.2-17)
According to Adle? , OEinstein states explicitihat the mass of a body is nothing else than the
energy possessed by the badyjudged from a coordinate system moving with the.todyrom (1.2-16a)
we thus see that all bodies, within the framework of Special Relativity, have zero rest mass. This confirms
our earlier analysis in section P.1. We will revisit this again at the end of Chapter 2.

We will be using equations (1.2-8), (1.2-9) and (1.2-9a) throughout this paper. The fact that w
now enters as a parameter in (1.2-9a) indicates that there exists a family of spacetime manifolds, forming a
space-time-energy continuum in which each spacetime is characterized by a particular value of w, or
equivalently, its associated energy.

1.2a Understanding kinetic energy

The reader may wonder why there is no factor of 1/2 in (1.2-17). Hollgiles the expression
for relativistic kinetic energy (expressed below in our notation)

2n2
_my

A+

(1.2a-1)

Setting this equal to our expression (1.2-17) yields



m.u
w = o _ (1.2a-2)
(1+")
or
2
m
m_ v (1.2a-3)
m, y+1
Since
m
= " (12a'4)
my
we have
"2 = "(n +1) — n2 + " (12&-5)
so that
" — 0 (128.-6)

But result (1.2a-6) is deceptive in its simplicity, as we will see in sections 2.3 and 2.4.

1.3 The Einstein-Lorentz transformation equations

The relationship expressed in (1.2-8) above allows us to now express the coordinate
transformation equations in a more general form. Let us now show how these equations are derived. We
must consider a transformation between two arbitrary reference frames in the space-time-energy
continuum.

When Einstein originally derived the Lorentz transformation equations, he did so by postulating
that the velocity of light ¢ is unaffected by the relative motion between two frames of reference. Then he
imagined a sphere of light expanding outward from the origin of two coincident coordinate systems at time
t=0, with one coordinate system subsequently traveling away from the other with a relative velocity V.

In relativity theory, we are interested in how the description of the behavior of an event differs
between one reference system and another due to the relative motion of the two systems. From quantum
theory, we know that all material objects have a wavelike nature. Let us now rederive the transformation
equations in a manner similar to that used by Einstein, but by considering the expanding matter wave
wavefronts which define all of the events in a spacetime manifold, instead of a photon sphere. The
principle of the constancy of the velocity of light is replaced by the fact that, in general, condition (1.2-9a)
must be satisfied, and specifically for our spacetime

c’ =wivu=w?v'u' (1.3-1)

where the quantity’d¢ransforms as a scalar



Since distance = velocity x time, we may define a generalized distérenaq use it to describe
the expanding matter wave wavefronts in the first coordinate system as follows:

|v\’/| =W :\/sz + w, +w,? (1.3-2)
or

w?=w,? +w,® +w,” (1.3-3)
so that

W, t% + w7+ w, = wit? (1.3-4)
or

P2+ 2+ 2 =wit? (1.3-5a)
where

IP=uwv, 0, =uyv 2] 2=y, b (1.3-5b)

Now, since i = u v we have

P2+ 2+ P =uvt? (1.3-6)
If we define

ly=iduvt (13-7)
then

I2=-uvt? (1.3-8)
so that

P2+ 240 2= 2 (1.3-9)
or

P2+ 2+ 241,220 (1.3-10)

We can use the same procedure to describe the expanding matter wave wavefront in a second
coordinate system which is moving relative to the first coordinate system with a velocity V:



R T o (1.3-11a)
where

T’l = ux VxltIZ’ n2|2 = uylvy|t|2 ’ n3|2 =Uu IVZItIZ (13-11b)

z
12 12 12 1412
12424 2= Uit (1.3-12)

=i uv't (1.3-13)

P21, 40 241 ,%=0 (1.3-14)

One can now proceed to derive the transformation equations that relate two arbitrary reference
frames in the space-time-energy continuum. Note that the space-time-energy continuum should not itself
be thought of as an absolute frame of reference. The ability of two observers taifterest vantage
point ofthe same spacetime maniféidm within the space-time-energy continuum is an indication that
there in no absolute or preferred frame of reference. This is analogous to the existence of a spectrum of
frequency values for a photon, explored in section P.2. Each frequency value corresponds to a possible
physical representatiaf the same photonAn absolute space-time-energy continuum would be consistent
with the condition of global energy conservation in a spacetime manifold. However, Einstein showed that
global energy conservation was not a condition found to apply in his general theory of relativity.

The procedures used to obtain the transformation equations are readily available in such books as
the mechanics text by Maridand will only be outlined here.

From equations (1.3-10) and (1.3-14) above, and the assumptions that space and time are
homogeneous and that space is isotropic, it can be shown that

=1 (1.3-15)

Since (1.3-15) tells us that the magnitude of a vector which defines a point in the first reference frame
equals the magnitude of a vector which defines a point in the second reference frame, and since the axes in
each system have been defined to be orthogonal, our transformation equations define a distance preserving
orthogonal transformation. Such a transformation may be viewed in terms of a rotation of one reference
frame with respect to the other. We can express this rotation conveniently by writing the coordinates of
each reference frame as vectors. Then we have

V' v
X'=1IX (1.3-16)
where&is a rotation matrix that carries out the transformation betwédandX.

Carrying out the matrix multiplication expressed by (1.3-16) we find that



M, = Y A0, (1.3-17)

Our work then: i.e., finding the transformation between the two reference frames (primed and unprimed)
thus reduces to finding the eleme&tsof the transformation matri& We can simplify our work (without
reducing its generality) by considering the relative motion to be along one axis, €g-affie Since the
transformation is, as we have pointed out, orthogonal we have orthogonality conditions which we can use
to find the matrix elements. These conditions are:

%%, $. =#, (1.3-18a)
and

0%, 8, =#. (1.3-18b)

u

We thus find the transformation mat8xin which
&1 =&y &y = &3 = 1,8, = (&4 with all other matrix elements =0 (1.3-19)
We proceed to fill in some of the detail which allows us to find these matrix elements by noting:
%0 By, % + &,% (1.3-20)

or

(,'=' n%ﬁi\/u v,—l“tiqﬁ (1.3-21)
) 1 "

When%0O = 0% = Vit so

/
V=-iJuv—2 (1.3-22)
" 11
Thus,
" iv .
14 = i) (1.3-23)
11 U V
Since,
&t & =1 (from 1.3-18a) (1.3-24)
wooo L1 1.3-25
1= ::142_1#!2 ('_ )
1+

n 2
11



or

n 1
1= (1.3-26)
N1#! 2
where we have chosen the positive square root so that (1.3-21) red4g@s% when V = 0.
Also,
&, =+&; (from 1.3-18a and 1.3-18b) (1.3-27)
and
'I 11! 41
I = = ) (From 1.3-18a) (1.3-28)
© 14
or
1
Ay =+ —= (1.3-29)
1-p 2
so that when V = (&, = +1.
Because
%0 2By, % + &, % (1.3-30)

we have that

iwuvt=1! " +ivuvt! ,, (1.3-31)
but t must equal tO & =%0 = 0. In this case

uv

I = (1.3-32)

H

which can be positive or negative. This means that one cannot unambiguously choose a sign in (1.3-29).
Since the sign o%, is positive, if the sign of,, is also positive then from (1.3-28) we see that
&= - &us (&, positive) (1.3-33)

Since&, =i &, #,
I fm=——==-1 (&, positive) (1.3-34)

10



If the sign of&,, is opposite the sign &, i.e., if &, is hegative then from (1.3-28) we see that

&= & (&4 negative) (1.3-35)

and it follows that

i .
! 14:ﬁ:! a1 (&, negative) (1.3-36)
If we define a quantity such that
" 1
= (1.3-37)
Ji-1 2
we can express our transformation mafin the following two ways:
§ 00 ("
) $0 10 | (&, positive) (1.3-38a)
= ositive .3-38a
$0 01 o0 i P
g}bi(' 00 ' =
§ (00 0)(¢
#=d 0 10 0 I ti 1.3-38b
= negative .3-
$0 01 o0 i (& negative) ( )
g}oi) ( 00 " (-

Remember that gamma is given physical meaning in terms characteristic of matter waves by equation (1.3-
23).

Now using (1.3-17) and our transformation ma&ias defined by (1.3-38) we may express our
transformation equations. Using (1.3-38a)

B =#" +H]

(1.3-39)

1:# 1+|! 4) (1.3-40)

11



Y .ﬁﬁo

I 1 J_
"o uv %
/= ( 2 (1.3-41)
1#1
oo BV
| — (1.3-42)
1#1°?
1,'=1, (1.3-43)
I)t'=1, (1.3-44)
$i#"  +I", (1.3-45)
1r=#$im 1, +1),) (1.3-46)
Vo vt
v =YW (1.3-47)

N E

It is convenient to exp[e%f) in terms of tO. To get the final expression starting from (1.3-47)
requires some algebra, but letOs do it here to obtain the correspondence between the tO derived here and the
usual form of the Einstein-Lorentz transformation equations.

Substituting foRa0 yields

jﬁ riduvt
ivuv = Y4V (1.3-48)

Ji# 1?2

Solving for tO yields

#V ,,+Vth
p=Juvalu uv (1.3-49)

IVI 1
Ji# 1?2

Using (1.2-9a) we find



#V , w
1 l + 1 t
t= WW w
Ji# ! 2
In order to use (1.3-42) and (1.3-50) it would be nice to express them in terpratbiex thaba,
We can do this is we now note that for our case of one-dimensional motion

('1 = VUV t)! Juvt=wt (1.3-42a)
(2 = \/UyVyt)! 0 (1.3-433)
(3 :VUszt)! 0 (1.3-44a)

This allows us to rewrite (1.3-42)

(1.3-50)

_wit" Vit
- ﬁ (1.3-42b)

When tO = 0% Vt from which we find the following

w't'

_ wt" x, | _

0=——"' x,=wt (1.3-42c)
V1" #

This leads to a new form of (1.3-42b)

X, " Vit

—— (1.3-42d)
N1t 2

We can work the same magic for (1.3-50)

X, =

IIV

w t
i —(w-V
wt+—1 w'(W )

p=WW____W W (1.3-50a)
1II ! 2 lll ! 2
When tO = 0, Vt from which we find the following possibilities
t=0
O=w-ﬁ' :ﬁ (1.3-50b & ¢)

This leads to a new form of (1.3-50a)

13



t= WW = WW (1.3-50d)

If one now requires that the velocity w of the matter wave wavefronts is thé fearal frames
of reference then ~
w =wO (1.3-51)

We can quantify, what we have meant by Ovelocity w of the matter wave wavefrontsO by stating the
relationship

w =wO= (ud ¥83(u v)"? (1.3-52)
which we recognize as a form of equation (1.2-9a). As expressed earlier by equation (1.2-9) it now follows

that w = c. This can be shown in the following way by using the Planck-Einstein relation and the de
Broglie equation

E=h! (1.3-53)
and

p= ,E (1.3-54)
which we may rewrite as

2
h= E = me (1.3-55)
! !

and

h= "p:w: vmu (13'56)

! !

We find by setting (1.3-55) and (1.3-56) equal that

2
mic” ! vu
me*tw)_, w35
which leads one to conclude that
uv=_=2 (1.3-58)
Then it follows from (1.3-52) that
wW=cC (1.3-59)
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This is true only for our spacetime, because of the use of (1.3-55) instead of (1.2-2a). (Using (1.2-2a)
instead of (1.3-55), one would arrive at (1.3-52), which is thus a general relationship. Relationships (1.3-
51) and (1.3-59) have the following effect on the transformation equationg¥a@mnd tO expressed by
equations (1.3-42d) and (1.3-50d). From (1.3-23)

\
I =— (1.3-60)
Cc
from (1.3-42)
|
)(1':X1'—Vt (1.3-61)
V2
1 —
CZ
and from (1.3-50)
t! —
2 ™M
t=—C (1.3-62)
V2
1! —
c?

Equations (1.3-60), (1.3-61), and (1.3-62) correspond identically to the usual form of the Einstein-Lorentz
transformation equations.

Thus we see one important role of c: it is the conversion factor between space and time
coordinates. This emerges in a natural way in the derivation of (1.3-61) and (1.3-62) as embodied in
relations (1.3-42c) and (1.3-50c). This leads us to a statement of condition one:

Condition One: The fact that the speed of light c is the conversion factor between space and time
coordinates is an essential requirement for obtaining the Einstein-Lorentz transformation equations
from a treatment based on the use of matter waves.

Sach¥ has pointed out the essential roles of ¢ as the conversion factor between space and time in all law of
nature follows from the principle of relativity when the language of spacetime is used to express the laws of
nature.

We also arrive at the conclusion that within a description of spacetime based on matter waves two
additional conditions are required to arrive at a form of spacetime coordinate transformation equations that
yield a description of events which corresponds to that obtained experimentally:

Condition Two: The velocity, w, which characterizes the matter wave wavefronts (as defined by (1.3-
52)) that define a spacetime manifold must be the same for all frames of reference: i¥/,= W'.

Condition Three: The velocity, w, which characterizes the matter wave wavefronts is equal to the
speed of light: i.e.,w =W'=cC.

These last two conditions for matter waves correspond to the principle of the constancy of the velocity of
light for electromagnetic radiation in a vacuum.
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As a final note to this paper, we point out that we have not discussed above the second
transformation matrix expressed by (1.3-38b). If we write out the corresponding transformation equations
we find that (1.3-42) stays the same. However (1.3-50) becomes

= wWw - w (1.3-63)

V1# 1?2

Following the procedure we used to process (1.3-50) by applying conditions (1.3-42a), (1.3-51) and (1.3-
59) to (1.3-63) yields

t'= ___Cc (1.3-64)

The form of (1.3-64) taken together with (1.3-62) indicates that events symmetric with respect to the origin
in frame O define a concurrent set of solutions went transformed into OO. Note that at theorglFx
0. When combined with (1.3-62) and (1.3-64) this corresponds to the condition of time reversal symmetry.

1.4 Form of the Einstein-Lorentz transformation equations for an arbitrary
spacetime manifold

From equation (1.3-42b)
ca_ W VL
W t'= —— (1.4-1)
1|| ! 2
using the fact that w = wO we may write
wit" Vit

wt'= ﬁ (1.4-2)

which leads to
i (W n V)t
1" ! 2

t'= (1.4-3)

noting that V/w =#in the general formulation we find
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1),

\/W (1.4-4)

. Xy

Sincet' =—
1"/

X, = %W t (1.4-5)

Now, since wt =x

, (1"!)X

Xl = 5 1 (1.4-6)
1" ! 2
From equation (1.3-50d)
X X \Y
1 : (W _ V) ZI_I " ' Xl
= WW _ W ww (1.4-72)

using the fact that w = wO we may write

W (1.4-7b)

Noting that x/w = t, and V/w =# we find

I/
t 11} '7 Xl
=W __ (1.4-7¢)

Equation (1.4-3) and Equation (1.4-7c) really are two forms of the same equation, but it is instructive to set
them equal to each other and rearrange as shown below

/
1w-v)

w112 112

(W-V)t =tw-! X, (1.4-9)

(1.4-8)

Noting that t w = x we find
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x, " Vt=x,0" 1) (1.4-10)

x, ! x, @ )=Vt (1.4-11)
x,@-@-B))=Vt (1.4-12)
x| =Vt (1.4-13)
Xy = # (1.4-14)

To summarize, the general Einstein-Lorentz transformation equations for an arbitrary spacetime manifold
in the space-time-energy continuum are:

)

t= Wt (L4-4)

Xll = Mxl (1.4-6)
'1" !2

These equations are not independent, and are related by

Vit
X, = ,— (1.4-14)
where# is defined by
\%
I =— (1.4-15)
W

After all of this, the reader should remember that w is given in terms of u an v by equation (1.3-52)

w=4uv (1.4-16)

Note that if we set w = ¢ we recover the usual form of the Einstein-Lorentz transformation equations (1.3-
61) and (1.3-62)

(1.4-17)
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= (1.4-18)

These equations are not independent, but are related by
Xp=ct (1.4-19)
If one divides (1.4-6) by (1.4-4) one recovers relationship (1.3-51)

w =wO (1.4-20)

An interesting feature which the reader may have noticed after reading the summary of equations
is that by using (1.4-4), (1.4-6) and (1.4-&4gn if oneOs watch is brokieis possible to determine the

timein O' because it also corresponds to ongiasial positionin O, andeven if oneOs ruler is brokieis
possible to determine thecation in spacén O' because it also corresponds totitreein O.

oo @1y
V1" 12

Q!

X =%t (1.4-22)

From an examination of (1.4-4) and (1.4-6), we can define a generglizaited! 4, to be given

(1.4-21)

. a#r)

gen — \/m (1.4-23)

(The reader may find it interesting to note that Field uses this quantity, which he, ¢allsrite down a
Omanifestly space-time exchange invariantO form of the Lorentz Transformation E¢ations.

Then

tr=—""x, (1.4-24)

and

X, =20t (1.4-25)
Noting that# is given by (1.3-23) as
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! = (1.4-26)
Juv
equation (1.4-24) becomes
.Y
fr=30 X, (1.4-27)
Juv
and equation (1.4-25) becomes
X' =1 VU vt (1.4-28)

By using (1.2-9) if follows that whereas (1.4-19) represents the transformation between time and space
coordinates for given frame of referenda our spacetime manifold, the following equations represent the
transformation between the space and time coordinateodifferent frames of referenaeour

spacetime manifold

ct'

X, =— (1.4-29)
!gen
X;' =YgenCl (1.4-30)
Alex Green points out in a Usenet gdhat the quantity (given in the present notation)
ux
t= — (1.4-31)
C

is the relativistic phase. This quantity may be obtained from (1.4-18) by setting tO = 0. From this quantity,
one can find an expression farwhich can be substituted into (1.4-27) above to yield

= (1.4-32)

c_- 1 (1.4-33)
uvuv '
Solving for u, one find
u=+xc (1.4-34)

where we have used 1.3-58 to obtain this result. This result is specific to our spacetime because of the use
of (1.4-18). In general, if one starts with the general expression (1.4-21) one obtains

u=w"0,oru=0 (1.4-35)
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Equation (1.4-34) is an important result, because it says that an arbitrary object in our spacetime is moving
at the speed of light. The great physicist P.A.M. Dirac anticipated this result in his well-known book on
Quantum Mechanics, stating explicitly for the case of the electron: Oa measurement of a component of the
velocity of a free electron is certain to lead to the resul® Dirac illustrates how this result can arise in

a relativistic theory by making use of the uncertainty principle. Furthermore, he points out that there is no
contradiction with experiment because Othe theoretical velocity in the above conclusion is the velocity at
one instant of time while observed velocities are always average velocities through appreciable time
intervals. We shall find upon further examination of the equations of motion that the velocity is not at all
constant, but oscillates rapidly about a mean value which agrees with the observetf value.O

1.5 The Einstein-Lorentz transformation equations for energy in our
spacetime

ﬁ'sl'he relativistic energy, T, of a particle in our spacetime may be expressed by using the following
equatio

T? = (Mé)? = P’ + m’ ¢ (1.5-1)
For our spacetime manifold, equation (1.2-2) holds, and (1.5-1) becomes
h* 2= p’c + my ¢* (1.5-2)

We can generalize this expression by using the De Broglie equation

h
=2 (1.5-3)
P
h2
h2"2 # & uv=mywuv (1.5-4)

where we have also used (1.2-9) and (1.3-1). The dispersion relation for a matter wave is given by
(1.5-5)

In this expression, the subscript n indicates quantization, which results from the assumption that the particle
(and consequently, its associated matter wave) is contained in a universe of finite dimension, i.e., boundary
conditions apply in such a closed universe. If both OendsO of the particleOs matter wave are required to be
nodes, we have the boundary condition of both ends fixed, so that

2! n/

K, =—=—,n=1,2,3,... (1.5-6)
n L
Thus the dispersion relation may be written
V n
Fo=—4#v="1 (1.5-7)



By use of (1.5-7) equation (1.5-4) becomes
2, W
h*" 2# — u" =m,"w’vu (1.5-8)

n

Multiplying the numerator and denominator of the second term in the above equagicanily, yields

h3n 2
—" =m,"w’vu (1.5-9)
n m n

h2" n2 #

where we have used (1.5-3) to repl&e the numerator, with p replaced by mu. One can now pull out a
factor of (H' %) from the left side to yield

%
h*" > 1# h 3= m, " wvu (1.5-10)
& $mv)

where we have also used (1.5-7). Dividing both sides by the quantity in parenthesis, and taking the square
root of both sides, one finds

. mwvu _ mw?
1# h 1# h
$.mv $.mv

where we have used (1.2-0). Equation (1.5-11) is the correct expression for the relativistic energy of a
particle moving in an arbitrary manifold. In general, ioes not represent the same physical quatity as

mc, but for our spacetime this identification holds. We will explore this further in Chapter Two, where we
show that in general hrepresents the kinetic energy of an object. In our spacetime it follows from (1.3-
59) that (1.5-11) becomes

(1.5-11)

2
h", = Lch (1.5-12)
1#
$.mv

For future use, it is informative to express (1.5-12) in terms of inertial mass When we quantize
the frequency in our spacetime, what we are really saying is that

h"1 h" =nh"_ =nm_c’>=mc’ (1.5-13)
so that
mO
m, = ——— (1.5-14)
1"
#mv

Recalling tha®&, is given by (1.5-3) with p replaced by mu, yields
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(1.5-15)

which leads to an expression which is identical to the one obtained from EinsteinOs Special Theory of
Relativity when we use (1.3-58) and whepisreplaced by m

mO
m= ¥ (1.5-16)
1"
C
or which leads to the general expression
mO
M= ——— (1.5-17)
2
u
1--%
W

when one uses (1.3-52) instead of (1.3-58).

It is now clear from (P.1-29), (1.2-13), (1.4-34) and (1.5-15) b (1.5-17) that mass is only an
apparent quantity (i.e., represented by an indeterminate mathematical expression). Energy, too is an
apparent quantity, as we saw earlier when we showed that (P.2-1), i.e., (1.5-12), redgebd, tio Ehe
limits of u = ¢, and u = 0, respectively, and noted thaictually represents a spectrum of frequencies in
nature.

It is now clear that from the conclusion that rest mass is zero, and the conditions that link u with v
(1.2-13) and w (1.4-31), and from the fact that u = ¢ (1.4-29), along with the forms of the transformation
equation for mass (1.5-15) B (1.5-17), that mass is only an apparent quantity (i.e., represented by an
indeterminate mathematical expression). Now that we have understood this from our general
transformation equations, we can begin to work out an interpretation of indeterminate quantities that will
allow us to resolve the perplexing riddle of how to reconcile the logical need for zero rest mass with
physical observations. This process is begun in another paper. Below we summarize the general Lorentz-
Einstein transformation equations.

Table 1. General Lorentz-Einstein Transformation Equations

General form (GLT) Form for our spacetime (w =u=v=c¢) (LT)
\Y w_ V
p= =<
Juv C
1"/ Vv
t'= ut th =X,
’ln ! 2 t': C
2
1Y
c
Table 1 is continued on page 24 Table 1 is continued on page 24
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General form (GLT) Form for our spacetime (wW=u=v =¢) (LT)
_ @) X!Vt
X, = —F/—=X, S Tl
V1! 2 11 v
2
c
m= Mo m= Mo
2 2
u u
1II 72 1II 7
W C

2.0 The role of rest mass

In the field of physics, there are certain beliefs which have developed that are taught to each
subsequent generation of physics students until they attain the status of dogma. One of these beliefs is that
the rest mass of a photon is zero. The standard argument which is presented to demonstrate this fact runs
something as follows. The expression for the inertial mass of a photon is given in special relativity theory
as

m
m= —02 (2.0-1)

u
1-
C

Since a photon has a velocity, u, which equals the speed of light, ¢, equation (2.0-1) becomes the following
for a photon

m=|im AL (2.0-2)

But infinite mass for a photon cannot correspond to physical reality. Mass is a measure of the inertia of an
object. Inertia is the resistance of an object to a change in its state of motion. If a photonOs inertia were
infinite it would be impossible to stop a photon, for example, with a piece of film, and it would be
impossible to image objects photographically, which we know is not the case. The only way to resolve this
problem is if the rest masspnof a photon is equal to zero. If the rest mass is zero, then we have

= g I indetermirate (2.0-3)

An indeterminate quantity is one which can take on any value. For a photon, this would
correspond to thapparentinertial mass found by setting EinsteinOs equation for the equivalence of mass
and energy

E=mc® (2.0-4)
equal to the Planck-Einstein equation for the energy of a photon

E=h" (2.0-5)
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which yields

m=—- (2.0-6)
c

Physicists prefer to speak of a property of the photon which has been confirmed by measurements

involving the collision of light with matter, namely its momentym,The momentum of an object is equal
to its inertial mass times its velocity. For a photon we see that this is given by

n

p=mc= — (2.0-7)
C

We have seen in section 1.2 that this definition remains true in general for an arbitrary object only if the
rest mass energy can be considered kinetic in origin.

Equation (2.0-7) leads to the well known de Broglie equation
h
p=- (2.0-8)

This equation plays an important role in the work presented in this paper. We begin by using it in section
2.1 to investigate phoyon mass.

2.1 Do photons have mass? A thought experiment.

Figure 1. Photon emission at x = -L/2, att = 0.

Let usimaginethefollowing thoughtexperiment. Considera box of lengthL to be centeredalong
the x-axisin a rectangularcoordinatesystem. The box hasmassM,, but mostof the box is of negligible
massexceptfor thetwo endsof thebox locatedatx = -L/2 andx = L/2. At timet = 0, a photonis emitted
from the sideof thebox locatedat x = -L/2 andmovesin the positivex-directionuntil it reacheghe sideof
theboxatx=L/2 attimet, whereit is absorbed.During this processve requiremomentunto be conserved
because no outside forces are acting on the system. What must the rest mass of the photon be?

Momentum conservation for the system is described by the following equation

P photonjnitial ¥ Poox,initial = Pphotonfinal + Phoxfinal (2.1-1)

Initially, the momentum of the system is equal to zero, so the left side of equation (2.1-1) equals zero.
Thus, we have

pbox,final =- pphoton,final (2.1-2)

The momentum of the emitted photon is given by
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h

Pphoton = (2.1-3)

where& is the wavelength of the photon and h is PlanckOs constant. Thus the momentum of the box after
emission of the photon is

MV = -— (2.1-4)
where M is the mass of the moving box and V is the velocity of the box relative to an observer who is
stationary in the coordinate system in which the box is represented.

The distance that the emitted photon moves in time t is given by

dphoton =ct (2.1-5)

while the box move in the opposite direction an amount given by

Qo =- V' (2.1-6)

Solving (2.1-4) for V and substituting into (2.1-6) yields

_ ht

d = _
box " M

(2.1-7)

When an amount of time has elapsed such that-d- hox = L, the length of the box, the photon is
absorbed at the opposite end of the box. This amount of time is given by

L L"M

Ul oot duo=l = =
photon box — h "
c + Mc+h
"M

(2.1-8)

The distance which the center of mass (CM) of the box appears to move during this time is given by
substituting (2.1-8) into (2.1-7) and simplifying

hL

= 2.1-9
% I Mc+h (21-9)

To find the mass of the emitted photon, we now ask how much mass we will have to move to get
the same effect. For the distribution of mass created by emission of the photon it is true that

M L M L
(%—mo)(z+dbox): (70+ mO)(E_dbox) (2.1-10)

This can be simplified to yield the following relationship
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m, = —2-bx (2.1-11)

By substituting (2.1-9) into (2.1-11) and simplifying we arrive at the following expression,for m

m=_ "M (2.1-12)
° " Mc+h '

We can obtain an expression for M by recalling that.g+ dvox = L. Since

L =ct+ ht (2.1-13)
I'M

we have

Lect_1 (2.1-14)

ht "M |
!

so that

M = _ht (2.1-15)

We can now substitute expression (2.1-15) for M in expression (2.1-12) fonimyields, after
extensive simplification, the following expression fay m

. Cti#
=M —I 2.1-16
m, o% = (2.1-16)

Equation (2.1-16) tells us that when L = ¢ t,#r0. This means that a zero rest mass for the photon implies
the breakdown of Galilean relativity, because if L = c t, the photon is oblivious to the relative motion of the
box with respect to the coordinate system, consistent with the results of EinsteinOs theory of special
relativity for an object moving at the speed of light. However, we will see that the converse is not true: the
breakdown of Galilean relativity does not imply that the rest mass of the photon is necessarily zero. We
will now show this.

If the rest mass of the photon is not zero, it must have some finite, minimum value. Substituting
equation (2.1-13) for L into (2.1-16) we find

?L ]

m,=M&" Lh) (2.1-17)
5 4 ml
b #M

Thus, a minimum value foreorresponds to a maximum value of lambda, the wavelength of the photon.
The maximum wavelength of the photon is given by the following equation

27



=G (2.1-18)

#, '

so that a maximum value for lambda is seen to correspond to a minimum value for the frequency of the
photon,' ;. A longer wavelength photon will require a greater amount of time to be absorbed, by a factor
proportional to lambda/c so that we see the time, t, in equation (2.1-13) correspoh¢$’té\oncrete

model may serve to make this more clear.

The essential process involved here is the emission and absorption of a photon. We could have
chosen to model this process a different way, and here a secondary model proves useful. Consider an
electron moving in a circular orbit. At some point P in its orbit the electron emits a photon. Because the
photon is moving faster than the electron, it will circle around and overtake the electron at point PO,
catching up in a distance equal to one complete orbit plus the distance from P to PO. The net displacement
of the photon is thus equal to the distance from P to PO. If the time required for the photon to travel this
distance is t, theh t is the number of cycles (or vibrations) which an external observer counts as the
photon moves from P to PO. Because the photon is emitted at P and absorbed at PO, the number of cycles
must be an integer: i.e.,t=n, where n =1, 2, 3, E.N. A minimum value of frequency ' 1
corresponds to the minimum value for n, namely, n = 1. Thus,'t= 1/

Making this substitution, and simplifying with the help of (2.1-18) yields the following result

h n
L=—+" & (2.1-19)
Mc

Our task is to use the de Broglie equation to find an expression for L. We begin by using (2.0-7)
and (2.0-8) to write

h" h
=—= (2.1-20)
mv. m#,,
Using (2.0-1) we may write
h
u=———— (2.1-21)
mO
2 #max
n u
1"
Cc
so that
. _h~cc#u
= ————— (2.1-22)

Thus (2.1-19) can be rewritten
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B hf}ﬂvl \CP" U+ mou‘,g

L=—
c%ﬁ myuM X

(2.1-23)

Setting L = ct with u=c and = 0, one fails to obtain an equality, which confirms our assertion that the
breakdown of Galilean relativity does not imply that the rest mass of the photon is necessarily zero.

If we now return to equation (2.1-16) and substitute (2.1-23) for L and replace t'withelarrive at the
following expression

_ $ . Cc? % m, uM \
m, = M, : —— (2.1-24)
, A G W +myu {
Since u=c for a photon,
Mc?
=M &l" — (2.1-25)
= Mo )
But the energy of a photon, measured with respect to an external observer is given by
E,= h",=mygc? (2.1-26)
Since' ; is the minimum value of frequency, must equal 1. This yields the following result
m M
L =" — (2.1-27)
M, m,

If one solves for mone finds

m, = £+/(M," M)M,, (2.1-28)

Since mass must be positive, we examine only the positive root. From the physical arrangement of the
problem, M must be greater thap, I®ince mass must be a real quantity, this leads directly to the
conclusion thathe photon has zero rest mass, and the rest mass of an arbitrary object is also identically
equal to zero

m,=M,=0 (2.1-29)

2.2 Further considerations

The reader may be puzzled why equation (2.1-26) gives the energy of a photon with respect to an
external observer, rather than E =mw/e will see in section 1.5 that the relativistic expression for energy
may be written
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h" = —0— (2.2-1)
1

# mv

Any reference frame which contains a photon is seen by an external observer to have a relative velocity of
zero, as a consequence of the postulate of the constancy of the velocity of light because u = ¢ = uO. Thus,
we have

m.C
h",=———— (2.2-2)
1. Mou
mv
or
2
m.C
h",=— (2.2-3)
1
#
where we have used the fact that u =v =c. Since
“H$ (2.2-4)

we arrive at equation (2.1-26) for the energy of a photon measured with respect to an external observer.
For aproperobserver it is likewise true that

E,=mgc’=h", (2.2-5)

since the reference frame of the photon is seen to have relative velocity V = 0 with u® = 0, so that u =V = 0.
However, in nature we measure (i.e., detect the frequency of) photons constantly, assigning to each its own
value of energy. This spread in the value of energies is a relativistic effect, but, in the case of matter wave
guanta, can be represented by consideridigtabution of nonrelativistic objects. This suggests thain
factrepresents a spectrum of frequencies in (2.1-26), consistent with the distribution of quanta which we
observe in nature. The blackbody spectral distribution comes to mind as a natural frequency distribution

and it happens to be associated with a characteristic temperaturg, ThisTdistribution may be shown to

be consistent with EinsteinOs quantum hypothesis, and does not imply the assumption of quanta with energy
nh' o which Planck made in the derivation of his hypoth&sus, it may be more illuminating to write

(2.1-26) in terms or this characteristic temperature rather than frequency or mass. Making this
transformation yield&

hc®

E,.=—— 2.2-6
° 16" °GkT, (2:2:6)

In (2.2-6) E is the energy of the universe, and we have implicitly hypothesized that the universe is a
Schwarzschild black hole of mass M, which consequently emits radiation which is identical to thermal
emission from a perfect black body at temperature T alfove absolute zero, where
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hc®

T=—— 2.2-7
° 16" %kGM, (227

Relating (P.2-6) back to individual photons involves considering the electromagnetic radiation in the
hollow cavity of the black body (i.e., the universe) to be in thermal equilibrium and treating it as a system
which obeys Bose-Einstein statistics. Because the radiation within a completely reflecting cavity is notin a
state of thermal equilibrium, it is necessary to reintefpRéanckOs function as a source term acting at the
boundary of the universe. This leads to the Planck radiation law which here expresses the radiant energy
absorbed per unit (area x time) per unit frequency interval in the raaugd + d by the universe (as it
expands) and is given by the following expression

8th v,
du= 2 eh"O’kOTo_ldvo (2.2-8)

in which we have integrated over the solid angle=dsint+ d+ d, to obtain a factor of4 Integrating (2.2-
8) over all possible frequencies should yield an expression for energy per unit (area x.tikive) will
return to a consideration of this problem in Section 4.0.

3.0 The role ofl

Expressing the energy of a material object in terms of its mass can be done in a variety of ways.
One can, for instance, use the inertial mass, the inertial rest mass, or the gravitational mass. As we saw in
Chapter One the inertial mass and the inertial rest mass are simply related Here we will see that writing
the energy in a variety of ways leads to an important insight.

By setting one expression for the de Broglie wavelength

n V
= T (3.0-1)
equal to another
h
 =— (3.0-2)
mu
and rearranging, one arrives at
h!
m=— (3.0-3)
uv
From this follows three expressions for energy
muv = h!/ (3.0-4)
pv = h! (3.0-5)
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—=h! (3.0-6)
another expression follows if we note
_h_h2" _
p= =5 =k (3.0-7)
hkv = h!/ (3.0-8)

The important insight which we gained is the understanding that (3.0-4), (3.0-5), (3.0-6) and (3.0-
8) are all different ways of expressing thieeticenergy of an object, rather than its total energy. To see
how this becomes evident, we need to understand something about group velocity and phase velocity of
matter waves.

3.1 The group velocity and the phase velocity of matter waves

The dispersion relation of a wave specifies the relation between k, where is the angular
frequency of the wave, given by

#=2" (3.1-1)
and k is the magnitude of the wave vector, given by

k= 27 (3.1-2)

The group velocity at angular frequenty, in general is found from the dispersion relation of a
wave by use of the following expression

V(1)) & .19

Hdk §

This is the velocity of points of constant amplitude. The phase velocity is the velocity of points of constant
phase angle. It is found from the dispersion relation of a wave by use of the following expression

VvV, = —i# (3.1-4)
Here we will follow the convention of representing the phase velocity using the letter v without a subscript.
More information about dispersion relations may be found in Chapter 12 of the book b} Main.

We have already encountered the dispersion relation for matter waves as (3.0-1). One can also find in
Main®s book another form for the dispersion equation of a matte wave
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! :Lk2 WY (3.1-5)
2m h

From (3.1-3) and (3.1-5) we find the group velocity

hk
Vg =—C (3.1-6)
m
The classical velocity of a particle is obtained from its kinetic efergy
T= (1/2) chIassicazl (31-7)

This yields

v = IE :K,where—“z?‘ﬁ "k (3.1-8)
mO

classical —
m,

Thus we see that the group velocity corresponds to the classical velocity of a particle. Consistent with this
fact, we will denote the group velocity as the particle velocity by the letter u.

From (3.1-4) and (3.1-5) we find the phase velocity, which we will denote by the letter v.
V=—o (3.1-9)

in which we have set V = 0, because we are discussing a free patrticle.

3.2 Why kinetic energy?

To demonstrate why all expressions for energy which are equivalehtrgphesent kinetic
energy rather than total energy, we begin with equation (3.0-4)

muv = h! (3.0-4)

Substituting (3.1-9) for v yields

h" = muif hk &: mu T (3.2-1)
Bm, | 2m, '

where we have used the definition for k found in (3.1-8) to obtain the last expression. Rearranging yields
" Mt &
"= T%Z_ (3.2-2)
$2m, (
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2,.2
Aht = ‘/m u (3.2-3)
2m,

h" =2 3.2-4
> ( )

or

Since ma=T from (1.2-17), if h = T we have

B #h”

h" (3.2-5)

So
"=2 (3.2-6)

and from (3.2-1) and (3.1-8)

h" =hku=+2m,T u (3.2-7)

so that
(h")?* =2m,Tu? (3.2-8)
or
2
h”
T= ( ) 5 (3.2-9)
2myu
Since we assumed T = hconsistency demands that
2 _n 2 2
T =2myu” = "myu” =mu (3.2-10)
But this is just (1.2-17). Thus, our assumption was correct and we can state
h" =T (3.2-11)

This means that (3.0-4), (3.0-5), (3.0-6) and (3.0-8) are expressions for the kinetic energy of
a particle.

Note that above we have also shown that wher? one finds

T=mu = %mou2 (3.2-12)
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which is a statement that the kinetic energy of an object is relativistically invariant. This corresponds to the
property, pointed out by Field, that the scalar product of two arbitrary four-ve€tdsgiven byC & Dis
manifestly Lorentz invariarit. There is an additional result related to the invariance of the kinetic energy

of an object. From (3.0-4) and (3.2-11) and the property of invariance, we have

T=mu'v'=h" (3.2-13)
this may be rewritten

hv -

——=muv (3.2-14)
or

h n
— = — (3.2-15)

muv \'
Thus

—=— (3.2-16)

\' \'
from which

1 1
or

= (3.2-18)

So thr frequency of an objectOs de Broglie wave is relativistically invariant.

WeOve already shown, in section (1.2a) that Wked, we arrive at a consistent definition for the
relativistic kinetic energy. WeOve shown above that Whked, we arrive at the result of relativistic
invariance of the kinetic energy, consistent with the transformation property of the scalar product of two
arbitrary four-vectors. Somehow, we need both valuégmflescribe physical reality. The question of
why ! takes on these two values in order to describe physical reality is explored in the next section.

3.3 The mathematics of indeterminacy

The Theory of Special Relativity, when correctly expressed, is a theory of indeterminate quantities.

In this theory, the spectrum of possible values of the dynamical or kinematic quantities, say mass and
energy, or space and time, respectively, are providéd By discover the origin of, we start by

using the invariance of kinetic energy to write

2n2
m,u

"+

%mou2 =

where we have used (1.2a-1). This yields

(3.3-1)
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l = (3.3-2)
2 (” +1)
from which we find
"2#1”#l:0 (3.3-3)
2 2

Using the quadratic formula to solve this quadratic equation gives the following two roots
=1 "=-1 (3.3-4)

These values df are required to insutmththe relativistic invariance of kinetic energy and the

consistency of the definition of relativistic kinetic energy. The other necessary valugkioh we have

already identified, namely= 0 and! = 2 are simply linear combinations of the two root in (3.3-4). As
Rainville and Bedient point out, OAny linear combination of solutions of a linear homogeneous differential
equation is also a solutioA:@his suggests thatis a solution of a differential equation. We now try to

find this equation. We will make use of the conservation of momentum, by considering the universe to be a
self-contained or closed system. This allows us to write

O|—'O:O (3.3-5)
dt
M = ud_m + m% =0 (3.3-6)
dt dt dt
u d('my) +"m, du_ 0 (3.3-7)
dt dt
d* # dm & du
mu—+o%g—2("+m,— "= 3.3-8
it éﬂ dt ( ° dt (3.3-6)

Since the rest massolis constant, the central term in (3.3-8) equals zero. We can then facta;; andm
we arrive at

d" du
u—+—"=0,orm,=0 3.3-9
dt - dt ™ (3.3-9)

The first equation is clearly a (first-order) linear, homogeous differential equation.

This can be rewritten

1d” _ 1du
== (3.3-10)

"dt  udt

We obtain a solution fdr as follows
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Lay=-24 (3.3-11)
Y u
n at
In"=-—+c
u (3.3-12)
2
"=¢g%eu (3.3-13)

€=~ (3.3-14)

so that

(3.3-15)
We can express (3.3-15) in terms of two arbitrary reference frames O and OO by letting
u, —=u, w, —w, and u—u' (3.3-16)
which gives the form
n o
(3.3-17)

Because of the way in which we fouhd3.3-17) applies only to dynamical quantities such as
mass and energy, so we will designate it accordingly as

" —_ e

massenergy 2
1.4 (3.3-18a)

and
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m — m n —_—
0
massenergy u2 (3.3-18b)

To find the corresponding expresion fdior use with kinematic quantities, we note that (3.3-14) becomes

w V.
1|| # 0 W %
=LA 5 = (3.3-19)
\/lll #02 \/ " V
2
WO
so that the kinematic expression fdiecomes, after the appropriate transformation (3.3-16)
\%
-— \Y
e (1)
w
Y spacetime = —\/2 (3.3-20a)
1-—3
w
and
#Y \YA
e ”%# —zt
| I n —_ 0 W
t =t Spaceﬁme——vz (3.3-20b)
1{1#—2
W
V 1
= \Y
e u #—%x
T o W
X = spacetlme (3.3-20c¢)
1#—

We now examine some specific cases. In the dlscussmn below we will use the following
abbreviations: Galilean Transformation (GAL), Lorentz Transformation (LT), Generalized Einstein-
Lorentz Transformation (GLT), More General Transformaton (MGT).

Case 1. (GAL). Inthis case uO =u=0,vV=0
massenergy =+1

spacetime =#1

This represent the transformation of the description of a stationary object between two coordinate system
which are at rest with respect to each other.
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Case 2. (GAL).In this case ub=%$0,ub=u=c, V=0
massenergy: 0

" :1

spacetime

This represents the transformation of the description of an object between two frames of reference which
are stationary with respect to each other, when the object is moving at the speed of light.

Case3. (LT). Inthiscase uO=$0,ud=u=c,V=c
n — 'l
massenergy €

" :0

spacetime

This represents the transformation of the description of an object which is moving at the speed of light
between two frames of reference which are moving relative to each other at the speed of light.

Case 4. (LT). Inthiscas@$uO=0,u=V=c
massenergy= 0

" :O

spacetime
This represents an object moving at the speed of light. There is only one frame of reference.

Case 5. (GLT). Inthis case ub=u!0,0<u<c, V=0
1
massenergy = U2
1# —
wW

"
spacetime 1

This represent the transformation of the description of a moving object between two coordinate system
which are at rest with respect to each other.

Case 6. (MGT). In this case u!udb!0,u=V, where & w

\Y
H
-
n — ) u —
massenergy mas? - >
u
1- 2
w
V 1
VgV
v eu %# -
n —_n _E — 0 W
spacetime gene - Vi
1-
W

This represent the transformation of the description of a moving object between two coordinate system
which are at moving with respect to each other witk-Ww< w.

Case 7. (MGT). In this case uO!u!0,ud =-V, where, W
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\'
" " #7' €

mass-energy mass - 5
u
1- 2
%%
# u&
0, +7 e
n W
Spacetlme ge v
1- —
W

This is a particular instance of Case 7, in which the object is moving toward the observer.

Case 8. (MGT). In this case ub=$0,udb=u=c, |¥c
”massenergy =#
X
ec #
n 0
spacetlme

o\<_

1

This represents the transformation of the description of an object which is moving at the speed of light in
our spacetime between two frames of reference which are moving relative to each other atspéed Bc
C.

Thus, we see that (GAL), (LT), and (GLT) correspond to special cases of a more general

transformation, (MGT). We also see that exponential growth and decay can be viewed as a process of
repeated coordinate transformations.

3.4 Why this is important

The relativistic energy, E, of a particle moving in a general spacetime manifold includes the rest
mass energy and is given by

E=mw’= T+ mw? (3.4-1)

From (3.0-4) and (3.2-4) it now follows, after some rearrangement

2n

mw?" muv =myw? (3.4-2)
Factoring out the m on the left and dividing both sides by the factored quantity yields
myw?
m = T T— (34-3)
w uv

In Chapter One we encountered the following expression which defined the velocity of the
wavefront of matter waves

w =+Juv (1.2-0)
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Further, we found that the following condition must be met in order to obtain a correct physical description
from an analysis which treats particles as matter waves
w=c¢ (1.3-59)

From the denominator of (3.3-3) it is evident that, with w = ¢, one is forced to conclude that the rest mass
of a particle is zero if inertial mass is to be a definable quantity. This is apparently true, in general,
even for objects which maintain a constant velocity 0s<cu

The fact that the rest mass of a particle which is moving at the speed of light is zero is typically
presented as an ad hoc postulate. See, for example, the introduction to this|dapertheless, it has
long been accepted because it makes sense. Stated another way, a measurement of the mass of an object by
an observer who is at rest in a frame of reference which is moving with velocity V=c with respect to a
frame containing the object at rest, made with respect to the frame of the object, is found to be zero. Now
(3.4-3) shows the truth of this assertion.

What equation (3.4-3) also tells us is that, in general, if the observer is at rest in a frame of
reference which is moving at a velocity V s#which is greater than zero, and even though not equal to the
speed of light, such an observer will still measure the mass of an object in its rest frame to be zero. In other
words, there is no constant velocity of motignith 0 < @ such that an object which moves at w=zan
have a rest massgm 0. This is an important statement, because all objects which can be represented by an
inertial frame of reference can be described as objects which move at Thus, all object must have a
zero rest mass, including, as we have already seen in section 1.2, those for which u = 0. Any object which
moves with constant velocity u 5 & 0 must have a zero rest mass. We have already seen that in our
spacetime the instantaneous measurement of a component of the velocity of an arbitrary object always
yields u =t+c. In this case it is already clear that the rest mass of the object must equal zero.

To see how zero rest mass makes sense with our current understanding of nature, we must return
to what we have learned in the previous section about the mathematics of indeterminacy. From (3.3-18) we
see that when one speaks about an apparent mass, i.e.., one which is defined by an indeterminate
mathematical expression, one really means

\%
m —
m=—2_e! (3.4-4)
u2
1- 2
w
When w = u = ¢ = u0 and m0, we have
v
m = (Constant)e (3.4-5)
We can simplify this further by assuming that when V = 0, the value of m is a congtaiem
4
m=mje °© (3.4-6)

where the constant4is the number we experimentally associate with rest mass, and what we currently
call by convention ;@ When V = ¢, the mass of an object is given by

m=mge" (3.4-7)

a
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Thus, the mass of an object does not become infinite Whén C, so that one cannot use the idea of an
unbounded relativistic mass increase to explain why it is not possible to travel faster than the speed of
light. There does not seem to be any physical limitation preventing faster than light travel, rather the
apparent limitation is a consequence of the manner in which we currently use transformation equations to
describe changes in dynamic and kinematic quantities as a result of coordinate transformation. Itis
conceivable that in the future we will learn to express the essential transformation equations in a way which
avoids the inherent limitations found in those that we use today. This will allowundéostandhat it is

possible to travel faster than the speed of light so that we can begin to develop the technology that will
make interstellar travel a reality.

3.5 More about

At this point, the observant reader may be struck by the fact that the Einstein equation and the
Planck-Einstein are twiundamentally differentepresentationsf the energy of an object.The Einstein
equation represents a kinematic quantity, while the Planck-Einstein equation represents a dynamic quantity.
For the reader who is unfamiliar with this terminology, kinematics is Omotion without regard to the forces
that may accompany itGvhile dynamics is Othe study of how motion chantfe©@e can set the right
hand sides of these equations equal to each other by assogiating,. with the kinematic quantity and

n

with the dynamic quantity. This gives

mass-energy

LAY
h"o #Vze u m e#%
oW = (3.5-1)
2 V \/ u
WL 1# — -
\/ w? w?
This may be rearranged to give
2 -
h" 1/1# #myw 1/1#\/—
ev =0 (3.5-2)

j \/1# \/1# — /
+ .

As before, we find it useful to consider particular cases. When $9ud= 0, 0 < u < ¢, one finds

u2
h" o1 [1# — #myw?
W _ =0 (3.5-3)
WZ\/l#uz
W

and when u =0, ud = -V, f4v, one finds




h" 0 +—83 mywW 1f1+ﬂ_

= (3.5-4)
+ w? .

he 1 (3.5-5)

I’nOW2 u?
\/1#vv2

This result corresponds to the (GLT) case’Qfcsenergy Since both mand ho/w represent mass, but are

not in general equal to each other, we see that when using mass as a descriptive quantity we must
dlstmgwsh between kinematic massd{tv* ) and dynamic mass @n It is thus better to speak in terms of
energy since there is just one kinetic energy. From (A-4) one finds

From (3.5-3) one finds

u'v
1+ —-

"y - W (3.5-6)

mw? # gc(&
w

&

This result defines a nelwhose transformation properties are physically equivalent to those of
" massenergy: We can find a general form for this néwy using the principles of the mathematics of

indeterminancy, i.e., returning to the general solution of our differential equatibnWéhen we do this,

we find
2
.“. YJVO (3.5-7)
gl w&
so that
uVv
1+— v
"= ‘l’J" eu (3.5-8)
&1

Expression (A-8) is an expression fawhich can now be used with to transfdsoth kinematic
and dynamic quantities. Thus the full set of transformation equations connecting the descriptions of both
kinematic and dynamic quantities in two frames of reference which are moving with respect to each other
with relative velocity, V and corresponding to a more general transformation (MGT) than that given by the
Einstein-Lorentz Transformation equations (GLT) may be written as follows:
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I+— v

m="m, = e w g M€ u (3.5-9a)

e+ U

w

1#% v
T — W _H -
t'= t—# u&te (3.5-9b)

%+—(
w

1+U7\£ v
[T} —_ W -E -
X'="X= u&xe (3.5-9¢)

%+—(

w
uv
) W2 1+W 'X,
h”O:#(mOW ):Wmo et (3.5-9d)
+
5wl
or in 4-vector notation

(m,t,x, h"g)" = #m, t.x,h"}) (3.5-10)

Note that in the transformation equations expressed by (3.5-9a)-(3.5-9d), the relative velocity V can exceed
the speed of light, even in our spacetime (i.e., with u = uO=w = c).

We can now revisit the process used to get (3.5-1), this time using tHe new

h”01/1+u—\£ v m0W21I1+u—\£ v
) T W )
eu eu (3.5-11)

u& # ufa

1Z:),E+7( A+
& w &

we find

h" = mw (3.5-12)
Thus

h" = h", (3.5-13)
and both the kinetic energy and the de Broglie frequency are found to be relativistically invariant, in

agreement with what we demonstrated earlier. Also, we can make the following observation about the de
Broglie wavelength. Given
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._ h#, _ h#,
mw?  mguv

in which
o1
A #kinematic
and
h —_n
~  dynamic
mou

n —_ #u

de Broglie (dynamic) de Broglie (kinematic
which the reader may compare to

—_ nm

mO, kinematic 0, dynamic

Returning now to (A-8), we note that when u = u® =w =cand V=0

This corresponds, in accordance with the principle of duality=t@, one of the essential values we found

(3.5-14)

(3.5-15)

(3.5-16)

(3.5-17)

(3.5-18)

(3.5-19)

earlier. Finally, we note that in our spacetime, where uO = u =w = c o Bc, (3.5-8) becomes

1+! v

II= Ce

2

A plot of ! for - c<V < 10 c is presented in Figure Two.
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Figure 2. Plot of vs. relative velocity, V

The form of! is characteristic of a distribution curve. The area under the curve appears to be c. Thus, just
as the fact that the area under a probability distribution curve equals 1 limits the values of probabilities to P
< 1, the fact that the area under our genledigtribution curve equals c limits the value of object velocities

in our spacetime to u = c. Note that the relative velocity is not likewise limited, in general, in our

spacetime. The velocity of an object, u, is never negative, because, due to the invariance of vectors with
respect to translation, an object in O can always be considered to be moving away from the origin. To
understand this better, consider a sphere centered on O. Any radial vector necessarily is an outward normal
to the surface of the sphere, and can be used to define its area, which is always positive. This is true even
for the vector which points along the negative x-axis, for example. Relative velocity, on the other hand
involves the introduction of a second frame of reference which can be moving toward or away from the
origin of O. For this reason, relative velocity may be negative, but in general for our spacetime, we observe
from the! distribution curve that BeV </ .

It is clear that an arbitrary spacetime manifold also Hagistribution curve. Thus there is a
family of such distribution curves which define the space-time-energy continuum. We can plot this family
of curves as a function of V and w. We do this below in Figure 3, fdnifsec]< V < ¢’ [m/sec] and &
w < ¢’ [m/sec].
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Figure 3. Plot of vs. relative velocity, V, and matter wave wavefront velocity, w.

Each slice of constant w in Figure 3 is a genedistribution curve corresponding to a different
arbitrary space-time-energy manifold. One may hypothesize that this suggests a new interpretation for w:
the value of w gives the area under the corresponidiigfribution curve for the range of physically
allowed values of V, which in turn specifies the limiting object velocity, u, for the respective space-time-
energy manifold. Thus, the value of w gives the limiting value of object velocity for an arbitrary space-

time-energy manifold

3.6 A property of transformations involvirg

We close this section by noting a property of transformations involvisgich transformations
are their own inverse transformations. To show this, let us begin with (2.2-6)

hc

= 2.2-6
16 #° G KT, (2:2:0)

If we repeat the process used to get (3.5-1), as above using themewhis time using (2.2-6), we find
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# u&
h"o 1+U7\£ v hCS?;+ —( v
W™ v = u'
ey = e (3.6-1)
K ou& ) uv
é1;+f( 16) *GKTyq[1+—
w w?
This can be rearranged to give
$ uVv!
5 t—3) v
2—0 = h#o%—vvze u (3.6-2)
16" *GKT, $ ., u
%" wl
S0
h",=#(h",) (3.6-3)
likewise since
= #(mowz) (3.6-4)
we have
= #(#{mgw?)) = #(mgw?) (3.6-5)

Thus a transformation produced bis reversed by a subsequent applicatioh ofhis means that usihg
to transform a physical quantity should have the same physical consequences 'éSmpmgorm a
transformation of that quantity. For our spacetime, with u = u® =w = c, and®c, !* is given by

ot V&
£D+!( % °( (3.6-6)

A plot of 1 vs. V is shown below as Figure 4.
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Figure 4. Plot of* vs V for our spacetime.

It is helpful to show and!® on the same plot for comparison. This is done below in Figure 5.

Hots ot gamma we. W and gammad v, W
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Figure 5. A comparison dfvs. V with!® vs. V. The curve with the greater areavs. V.

From Figure 5, we see that although both distribution curves have a similar profile, the areas under
the two curves is quite different. Apparently, although as the odd poweis ioicreased we should obtain
the same physical transformation, we are finding that the area undetisiiébution curve decreases, so
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that the corresponding maximum value of an objectOs velocity, w, in our spacetime decreases below c. One
may hypothesis that higher odd power$ describe future states of the universe. As the universe cools

due to ever increasing expansion, the processes involving the physical quantities of Nature correspond to
transformations which have ever increasing powets &o the area under theistribution curve

becomes smaller and smaller, so that objects are limited to lower and lower velocities, until all physical
processes come to a virtual halt.

4.0 Calculating#

We now make use of the invariance properties of the odd powkrsTiis allows us to find
another form of for the transformation of energy. If the universe could be characterized by a frequency,
' o, its energy density in the inten@l=" o, max( ' 0, mnWwould be given by

h(" 0,min # ! O,max)

u= (4.0-1)
Volume
From (2.2-6)
5
E, = —hzc (2.2-6)
16 " “GKT,
it follows
n n u Vl -ﬂ
h ( 0, max# 0, min)%é-i-vvzze !
u= 2 v (4.0-2)

Volume%ﬁ Vl\le ey

where 1/ TO is has now been given by

3
# uvé&
1 _16"°Gkw? &yt )&
T hE & uE m.e (4.0-3)
° Bl
with h' o given by
h”, = #(#(mowz)) = #3(m0W2) (3.6-5)

Remembering that (B-1) and (B-2) represent the same physical quantity, and recalling that kinetic energy is
relativistically invariant, so that one can associate with energy a valle that we have
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# uv&
T
”Energy = me v =1 (40-4)
B!
W
For our spacetime, u = uprime = w =c, so that
1# V&2
" =—0%+—(e ¢ =1 4.0-5
Energy 4§ C( ( )
or in terms oft
" eneray = 1(1+ #e? =1 (4.0-6)
Energy 4 '
Solving this equation fo¥, yields
" =#.8686839356 .6915752744 (4.0-7)

What does thig mean? Expressingin polar notationwill make its meaning more evident
" =1.11035496132 g 7#77700%! (4.0-8)

The foundation of the calculations in this paper is the Theory of Special Relativity. At the heart of this
theory is the concept of an inertial reference frame. How does one determine whether a frame of reference
is inertial? Most systems of reference that we are able to use are only close approximations. However,
there is general agreement that the closest we can come to a perfect inertial frame of reference is one based
on the average background of all the matter in the universke following quantity

4 &
" ©=93.32876043 X ﬂ)ﬂéem&‘g”"%”’“ (84.0-9)
se

represents the expansion velocity of the fabric of spacetime itself. We can use this information to compute
the relative velocity of the average background of all the matter in the universe. This quantity is the
difference between the velocity of spacetime itself and the outward velocities of all the objects that make
up the average background of all the matter in the universe. Knowing that the object velocity for all matter
is the speed of light, c, the principle of the constancy of the velocity of light would suggest that the relative
velocity of the average background of all the matter in the universe would be c as well. However, because
the expansion of spacetime exceeds the speed of light, we will check this assertion.

Consider the following diagram
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Figure 6. Diagram illustrating the application of a form of gauge invariance of the type proposed by
Weyl” in 1918 to the invariance of spacetime velocities

In Figure 6,S represents the velocity of spacetinderepresents the relative velocity of the average
background of all the matter in the universe, andpresents the object velocity of the matter that makes
up the average background. The following relationship holds

P
V=s-u

substituting in the appropriate values yields
V=c"-c=c("-1) (4.0-10)

Where does gauge invariance come into play? In (B-10), though it may not be readily apparent, there are
really three unit vectors:

$1' 9 e?"! '

&
&. )Z& 1.1103549671 32 89780983061 ) (4.0-11)
bl

1103549613%785978098305| + e* |

Thus,# helps to define a Weyl gauge,such that all three velocities, measured locally may correspond
identically to the speed of light, c. Not surprisingly, the gauge paratheamgrears when one tries to write
down an expression for the volume of the universe.

h"o(1+#)
4 (energy densityy)

Volume =

(4.0-12)

The energy density, of the universe can now be computed using (4.0-2). We perform this
caluculation a different way to show the consistency of our result. We begin with (2.2-8)

.8 8]

o2 eh$0/kT0 "

du= d$ (2.2-8)

1

In this equation, 1/Jis given by
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1
"2 2 8 "*Gk(1+ $)2 9
Ti == hi;;SkW #n, = hc(:3 %) mee™® (4.0-12)
0
and my is given by
_ hll0 _ 2h”0
m, = P = \/1_'_ 3ce’ (4.0-13)
so that
n 2
Ti = —16 C?k#o (4.0-14)
0
Then we wish to do the integral
8nh + #$ 3
du = Z 10 O $00 (d$o (4.0-15)
LekTo #1%
& )
which has the result
c?
" 3847 G (4019

This may also be expressed in terms of the Planck tiras t

U= (% 1 % (4.0-17)
Hssedic? & t,& '

where the Planck time is given by

1
#Gh & !
t, = %g”—cs( =5.3%10" sec (4.0-18)
Substituting the appropriate values for the constants, one finds
u= -1.83332 x 18° J/(nfs) (4.0-19)

This is the energy that is being absorbed ( as indicated by the negative sign) per unit (area x time) by the
universe as it expands due to the existence of matter waves over the entire frequency spectrum. The energy
density of spacetime itself is thus given by
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The measured energy of spacetime per unit (area x time)

-The energy absorbed by the universe as it expands per unit (area x
(4.0-20)

The energy density of spacetime itselt00" (" 1.8333x10118)#10118

Note that the energy density, does not depend on the gauge paranteter

5.0 Even a mass at rest hagmove(like a wave) to have rest mass: the
fundamental role of the de Broglie frequency

Mass contains the phase and scale information of its associated de Broglie wave. This phase and scale
information is intimately linked to spacetime. As a mass moves, its associated metric varies and its
phase and scale information changes, so the value of mass changes. This corresponds to a change in
the frequency of the associated de Broglie wave, or in the case of a photon, the associated
electromagnetic wave. To preserve the identity of a given object one must measure with respect to a
local gauge as described in the previous section. Thus, an electron remains an electron only when
measured with respect to a local gauge such that its de Broglie frequency is the same for all reference
frames in spacetime. This correspondsste= 1 and# = #sr. When V = ¢, in our spacetime

= ﬁm et (5.0-1)
2 7 '
In terms of frequency
hn \/E 1 1
—2 = #m, = — M= \2m. e (5.0-2)
therefore
_~2eh”,
m, >3 (5.0-3a)
h" O
m=—- (5.0-3b)
Cc

From (5.0-3) one can write

h eh

S (5.0-4)
m m

1(c® H2c?) 1 1
Vo a

This may be rewritten
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1$c \/_c
! O/ch

eh | mm,

which is equivalent to

1(c%® 2c%!) m,-m
h h

Vo mm,
so that
2
c 1 &m. 1~
=~ 0 0
= (2420 Y2126, ) = /GH%
where we have used the fact that
V
1+ — v
— +
" _ C ec = 1 #e-#
2 2

Equation (1.3-7) may be rewritten

2c*" &m' 17
h$:°(1%\/_ )—cym

But this is just

4c?" '
(w06 T L

This may be rewritten as

4c? Am
) 2
v, m\m

This may be converted to an integral

2
AMC = $% dm

th

and integrated to give

2n2

4mac = In m + Constan

h#,

We can raise each side to the base e to obtain
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202
4m,c

e h#,  — eConstanh.] (5.0_14)

When m =0, m = m, €M, = 1 so that

4m,c?"?

m=me " (5.0-15)

It should be true, when one considers the universe, that
mc? .

——— =energy densit (5.0-16)

Volume
Therefore,

4m,c?"?
mc’e " = energy density x Volun (5.0-17)

So we see that for every de Broglie frequency, there is a corresponding rest mass. To find the yalue of m
we need to solve the following equation

4mc*"?
h

0

In m, + =In(energy density}+ In (Volume) - In(c?) (5.0-18)

Substituting (5.0-8) fof and (4.0-12) for Volume yields

2 " _2" $ n '2"
{1+ ")e =In(energy density)+ In & L+ 7)e —)- In(c®)  (5.0-19)
h#, o4 (energy density)

In m, +

or after combining terms on the right

2 " 2" $ " 2" !
In ma+mac 1+ ")e = In &h#°(1+ Je % (5.0-20)

h#, % 4c¢

Substituting the value &f for our spacetime given by (4.0-8) and substituting in the values for the
appropriate constants, one obtains the following solution favimich corresponds to the measured value
of rest mass for an arbitrary object.

m, = 2.21574666 x 18 ", kg (5.0-21)

Equation (5.0-21) is given above operationally in the fornsnz| ' o, where gis a complex constant.

5.1 Rest mass: the electron case

One can now compute the deBroglie frequency of an electron. This is found by sefiting 10-
21) equal to 9.10939 x TOkg, the accepted measured value for the rest mass of an electron, and solving
for'o. This yields
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g = 4.11121 x 18 sec' (5.1-1)

0, electron

A plot of rest mass vs. de Broglie frequency is shown in Figure 7.

rest mass [kg] Best mass [kg] vs de Broglie Fregquency [sec™]

175107 |

1.5=107%"

1.25:1073"

1x10~3?

7.5x07 |

Sxe1 077

z.5x107

. . . frequency [sec™]
Zx1n?? 410" g1 Sadn?®

Figure 7. Plot of rest mass vs de Broglie frequency, with the electronOs de Broglie frequency and rest mass

shown.

In Figure 7, the measured rest mass of an electron is shown by the horizontal line, and is given by its
accepted value as

m, = 9.10939 16" kg (5.1-2)

The vertical line indicates the relativistically correct de Broglie frequency of an electron, as given by (5.1-
1).

For completeness, we give here the relativistic expression for the rest mass of an arbitrary object

1 . 2
e Lge“# 1+ #
m _h 0 d- ( )%

e (1+#)

(5.1-3)
in which L(z) is a function called the ProductLog[z] in Mathematica, or the LambertW(x) function in
Maple, where for w = ProductLog]z], the following equation is satisfied

we' =z (5.1-4)

and where the principle branch of ProductLog|z]is used in the evaluation of m
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5.2 Inertial mass: the electron case

Examination of the expression fog meveals that it contains an expression which we
conventionally associate with (relativistically correct) inertial mass

= % (5.2-1)

We can now express this relativistically correct mass, m, in terms of the experimentally measured rest
mass, m

m,(1+ ")e?

ProductLo%e“‘" (1+ )Z(F

where we have already obtained the value g4fghin (1.3-21). Equation (1.5-2) expresses the inertial
mass in terms of the de Broglie frequency, as shown explicitly below

m= (5.2-2)

n 1+ # '2#
m=2.21574666x 16" oL+ #)e , (5.2-3)

Prod UC“—O% e (1+ #)22

Using the value of which satisfies

) [ uv :

"= —&eU',(u '=w =¢). /| Y= > e’=1 (5.2-4)
oA+ .

*ég W -

which we found was given by (1.2-11), now allows one to determine the electronOs inertial mass from its de
Broglie frequency. As we have already shown, this frequency may be found by setting the experimentally
measured value of electronOs rest mass, 9110939 x 18'kg, equal to the right hand side of (1.3-21) and
solving for' . In this way, the inertial mass of an electron is found to be

inertial massm,,.,,= 3.03098767 x 1& kg (5.2-5)

A plot of inertia mass as a function of de Broglie frequency is shown below in Figure 8.
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inertial mass [kg] Inertial mass [kg] vs de EBroglie Frequency [sec™]
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Figure 8. Plot of inertial mass as a function of de Broglie frequency, with the electronOs de Broglie
frequency and inertial mass shown.

In Figure 8, the inertial mass of the electron is indicated by the horizontal line, and the de Broglie
frequency of the electron is shown by the vertical line. Recall that de Broglie frequency is invariant, so the
frequency is the same for both the inertial mass and the rest mass. A plot of rest mass vs de Broglie
frequency is also shown on the graph.

Finally, we point out that by using the mass transformation equation of the more general
transformation (MGT) it is possible to associate with the inertial mass of the electron ( or any arbitrary
inertial mass) a corresponding object velocity. This velocity plays a role for the object which is analogous
to the role played by the speed of light for a photon in the sense that it remains constant for the object in
any frame of reference. Thus, we call this velocity the Einstein inertial object velocity which we designate
Uo. The corresponding de Broglie wave phase velocity will be called the de Broglie inertial phase velocity,
Vo -ClUo, these two quantities are related in our spacetime by the relationship

1n U. =u (5.2 -6)
N . on
N 2
EL Y (5.2-7)
N n=1 uOn
w = J(u"#s) (V') = c\/(| #sr |COgSs; %8, ))(|#s; |co{$sr %8,)) (5.2-8)

In whichu is the average object velocity of matter that makes up the average background (shown in figure
6) andv is the average phase velocity of matter that makes up the average background, not to be confused
with V, therelative velocity of the average background in the universe. The quanigygiven by solving
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(1.2-8) for u with 1 on the right hand side replaced by sgnémd with w = ¢, anét = #sr. The quantity w is

the velocity of the matter wave wavefronts which define a particular spacetime manifold. In this sense,
each type of entity makes a contribution to defining the spacetime manifold in which it is contained. In
performing operations, the vector quaantitiendv should be thought of as complex numbers, rather than
real vectors. Equations (15-6) b (1.5-8) embody the particle essence of wave-particle duality, and as we
saw earlier in our work

W =4Uv=4/C" C=C (5.2-9)
which expresses the wave essence of wave-particle reality. Thus both aspects emerge from a model based
on using a matter wave for the description of nature, so that essentially, in such a model the distinction
between particle and wave are erased.

For the interested reader, we note that for an electrisngiven by

U, = 1.50228 c & m (5.2-10)
sec
and
v, = .665655 ¢ goert M (5.2-11)
sec
5.3 Duality

The relationship for inertial mass which is analogous to the one for rest mass is given by

m= 7.372503321 x 18 ", kg (5.3-1)

This is of the form m = |z}, where z is the complex constant. One may express the de Broglie wavelength
in terms of this quantity in our spacetime as

. _ h h
=—= (5.3-2)
mu |z |#.C
One may also express the de Broglie wavelength as
n V C
=—=— (5.3-3)
# #,

Combining (5.3-2) and (5.3-3) and rearranging yields the following result

" 1%_

= |z| c= 2.21022089 1¢¢ kg m (5.3-4)
c&

which expresses the duality of the speed of light in our spacetime.
5.4 The inertial force
In this final section, we examine the role of force in generating inertial mass. One may write
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|z] ¢ "} =mc", #inertial force

Likewise, one may write an expression for the force which generates inertial rest mass
lz,| ¢ ", =m.c", #inertial rest forc (5.4-1)
The difference between the two is the force associated with the objectOs matter wave field
(12| -1z, )c vy =(m-m,)cv, =force of the matter wave fie  (5.4-2)
The energy contained in the matter wave field is given by
E =(m-m,)c? (5.4-3)
so that one can define a wavelength of the matter wave field

(m-m,)c* _ (m-m,)c* _ ¢
(Iz]-1z, )c#,”  (m-m,)c#, #,

(5.4-4)

This is in agreement with the form of (5.3-3) for our spacetime.

5.5 The electron: a summary

Results for the electron are summarized in Table 2. [(*) are the same for an arbitrary mass]

Table 2. Some Properties of an Electron which are Useful in the Connection with a Determination of its

Mass
Quantity Definition Value
|zo|* rest mass coefficient 2.21574666 x 10" kg sec
|z|* inertial mass coefficient 7.37250332 x 10" kg sec
"o de Broglie frequency 4.11121 x 160’ sec
m inertial mass 3.03099 x 10" kg
|z] c*( = h/c) duality parameter 2.21022089 x 10" kg m
(m-my)c o force of the matter wave field | 2.61298 x 10 N
(m D m)c’ energy in the matter wave field | 1.90540 x 10°J
& de Broglie wavelength 7.29208 x 10°m
fo classical electron radius | 6.05406 x 10°m
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Epilogue

Every essence has a hame which only God knows: the name by which God called it forth. This
essence may take many representations. Ant, tree, humanity, three: all are representations. Humanity is
the only permanent representation of the living or animate world: each person becomes part of the body of
Christ and lives eternally as a human soul if one choses to do so. Numbers are permanent representations
of the physical or inanimate world: the essence that is represente®.liy259. ..,circumference/diamter
is eternal. Equations are representations which attempt to represent the transformation of being from the
physical world to the living world. Those who seek an equation are seeking to find an entry on the list of
names that only God knows. Examples of such equations are

+n ?/0 # ’ —
o 81%$eAy(x)§+npl (x)=0 €1

the Dirac Equation for the electr8n

and

Rap" %R Oy ="87G T, (E-2)

EinteinOs equation for the gravitational ffeld

Some who are brash enough seek to reveal the name of God Himself
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